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Preface

Spherical harmonics have been studied extensively and applied to solving a
wide range of problems in the sciences and engineering. Interest in approxima-
tions and numerical methods for problems over spheres has grown steadily.
These notes provide an introduction to the theory of spherical harmonics
in an arbitrary dimension as well as a summarizing account of classical and
recent results on some aspects of approximation by spherical polynomials and
numerical integration over the sphere. The notes are intended for graduate
students in the mathematical sciences and researchers who are interested in
solving problems involving partial differential and integral equations on the
sphere, especially on the unit sphere S? in R?. We also discuss briefly some
related work for approximation on the unit disk in R?, with those results being
generalizable to the unit ball in more dimensions. The subject of theoretical
approximation of functions on S, d > 2, using spherical polynomials has been
an active area of research over the past several decades. We summarize some
of the major results, giving some insight into them; however, these notes are
not intended to be a complete development of the theory of approximation
of functions on S by spherical polynomials.

There are a number of other approaches to the approximation of functions
on the sphere. These include spline functions on the sphere, wavelets,
and meshless discretization methods using radial basis functions. For a
general survey of approximation methods on the sphere, see Fasshauer and
Schumaker [46]; and for a more complete development, see Freeden et al.
[47]. For more recent books devoted to radial basis function methods, see
Buhmann [24], Fasshauer [45], and Wendland [118]. For a recent survey of
numerical integration over S?, see Hesse et al. [63].

During the preparation of the book, we received helpful suggestions from
numerous colleagues and friends. We particularly thank Feng Dai (University
of Alberta), Mahadevan Ganesh (Colorado School of Mines), Olaf Hansen
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(California State University, San Marcos), and Yuan Xu (University of
Oregon). We also thank the anonymous reviewers for their comments that
have helped improve the final manuscript. This work was partially supported
by a grant from the Simons Foundation (# 207052 to Weimin Han).
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Chapter 1
Preliminaries

The study of spherical harmonics has a long history, over 200 years by
now. Classical spherical harmonics on the unit sphere of three dimensional
Euclidean space can be viewed as extensions of trigonometric functions on
the unit circle. Originally introduced for the study of gravitational theory in
the works of Laplace and Legendre in the 1780s, spherical harmonics have
been studied extensively and applied to solving a wide range of problems in
the natural sciences and engineering, including geosciences, neutron transport
theory, astronomy, heat transfer theory, optics, atmospheric physics, oceanic
physics, quantum mechanics and other areas [29,30,38,43,49,82,86,116,122].
As an example, in a number of disciplines of science and engineering, an
equation of central importance is the radiative transfer equation or transport
equation. The steady-state monoenergetic version of the radiative transfer
equation is

w-Vu(z,w) + pe(x) u(e,w) = ps(x) (Su)(r,w) + f(z,w). (1.1)

Here = € R? is a spatial variable, w € S? is a direction variable, S? being the
unit sphere in R3, u; = pq + ps. In optics, p, is the absorption coefficient,
s is the scattering coefficient, f is a light source function. The symbol S on
the right side of (1.1) is an integral operator defined by

(Su)(:c,w):/ n(x, ww)u(x,®)do(w),

S2

7 being a nonnegative normalized phase function:
/ n(x,w)do(w)=1 Ve, YweS%
S2

In the literature, the function 7 is usually assumed to be independent of x,
and then we write n(w-w) instead of n(x,w-w). One well-known example is

K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit 1
Sphere: An Introduction, Lecture Notes in Mathematics 2044,
DOI 10.1007/978-3-642-25983-8_1, © Springer-Verlag Berlin Heidelberg 2012
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the Henyey—Greenstein phase function (cf. [62])

1—72
t) = te|-1,1 1.2
10 = g tEFLY (1:2)

where the parameter r € (—1,1) is the anisotropy factor of the scattering
medium. Note that » = 0 for isotropic scattering, r > 0 for forward scattering,
and r < 0 for backward scattering.

Such issues as function approximation and numerical integration over
the unit sphere arise naturally in numerically solving the radiative transfer
equation (1.1). Approximation of a solution of the equation through a
linear combination of spherical harmonics of an order up to N leads to
the Py methods in the literature [74]. Since the radiative transfer equation
is a high dimensional problem with five independent variables, numerical
methods that allow easy parallel implementation are attractive. In this
regard, discontinuous Galerkin methods appear to be a good choice for the
discretization of the radiative transfer equation. Some discontinuous Galerkin
methods for the radiative transfer equation are studied in [57]. In recent years,
inverse problems with the radiative transfer equation as the forward model
have found applications in optical molecular imaging [6,7,19, 56].

This book intends to present the theory of the spherical harmonics on
the unit sphere of a general d-dimensional Fuclidean space and provides a
summarizing account of function approximation and numerical integration
over the unit sphere S? and the related problem of approximation over the
unit disk in R2, including recent research results. Several excellent books
are available on spherical harmonics, e.g., [47,78,84,85]. The presentation of
the theory of the spherical harmonics is given here in a manner similar to
[85], yet more easily accessible to a reader with only a basic knowledge of
analysis. This is done in Chaps.2 and 3. Function approximation over the
unit sphere in R3 and the unit disk in R? are discussed in Chap. 4. Numerical
integration over the unit sphere in R? and the unit disk in R? is the topic
of Chap.5. The book ends with Chap.6 on examples of spectral methods
over the unit sphere and the unit disk. A boundary integral equation in
R3 is converted to one over the unit sphere in R?, and a boundary value
problem for a partial differential equation in R? is converted to one over the
unit disk in R2. Spectral numerical methods are then proposed and analyzed
for the solution of these transformed problems. This chapter of applications
ends with a spectral method for solving the Laplace—Beltrami equation
over S%.

This preliminary chapter presents notation that will be used regularly
throughout the book, as well as a brief introduction to the I'-function that
will be needed later in the study of spherical harmonics. In the final section
of the chapter, we introduce some basic results related to the sphere.
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1.1 Notations

We adopt the symbol “:=" for equality by definition. We will use the following
sets of numbers:

N: the set of positive integers

Np: the set of non-negative integers
Z: the set of integers

R: the set of real numbers

R : the set of positive numbers

C: the set of complex numbers

For z € R, [z] denotes the smallest integer that is larger than or equal to x.
For m,n € Ny, m > n, the binomial coefficient

() = sron =y

Here m! is the m factorial,
ml:=1-2---m formeN, 0:=1.
We also recall the notation of double factorial for later use,

m”_{m(m—2)(m—4)---2, m even, o — 1.

m(m—2)(m—4)---1, m odd,

Throughout this work, except in Chap.5, we use d € N to represent the
dimension of a geometric set. The set

R? .= {:cz(acl,--- ,;vd)T::Cj € R, 1§j§d}
is the d-dimensional Euclidean space with the inner product and norm

d
(z,y) := ijyj, x| = (x,z)/? for x,y € R
j=1
In Rd, we use the canonical basis

61:(170,...’0)T, e ed:(o,"'7071)T

and write

d
r = E Tj€j
j=1
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for x € R%. Sometimes it is helpful to show the dimension explicitly and then
we will write x(4) instead of . Thus,

T(d) = T(d—1) + Td€d-

T ¢ R% For convenience, we will use the

Herea L(d-1) = (‘rlv"'axdflao)
)E

symbol @(4_1) to also mean the (d — 1)-dimensional vector (x1,...,24 1
This will not cause confusion from the context. We will frequently use the
unit sphere in Rd,

st .= {5 cR%: ¢ = 1}.
Usually we simply say the sphere to mean the unit sphere. For any 0 #

x € R?, we have = |z| & with £ € S,
The (Euclidean) distance between two points &, 7 € st is

€ —nl=+v2(1-¢&n).

The geodesic distance between £ and 1 on S?1 is the angle between the two
vectors:

0(&,n) = arccos(&€m) € [0, 7).

It is also the arc-length of the shortest path connecting & and 7. From the
elementary inequalities

2
=t <sint<t, tel0,7/2],
T

we can deduce the following equivalence relation between the two definitions
of distance:

Zoem<le-nl<om), Enesi

It is convenient to use the multi-index notation. A multi-index with d
components is @ = (aq,- -+ ,@q), a1, ,aq € Ng. When we need to indicate
explicitly the dependence on the dimension, we write c(gy instead of a. The

length of o is || = E?:l a. We write al! to mean o;!---aq!. With ¢ =
(z1,-+,24)T we define
x® =" - ayl
Similarly, with the gradient operator V = (9;,,- -+ ,9,)T, we define
ve . Hled

= 041 ad'
0xyT - 025
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Note in passing that the Laplacian operator

d 2
svva (L)
=1 N9

When it is necessary, we write A gy and V4 to indicate the spatial dimension
d explicitly.

1.2 The I'-Function

The I'-function will be frequently used throughout this book.
Definition 1.1.

I(x) :z/ t"te7tdt, x€R,. (1.3)
0

The following formulas can be verified [5, Chap. 1].

/OO 7 le= " gt = b~1a /" T (x/b), x,a,b€ Ry, (1.4)
’ 1
/O Int[* " 'dt =T(z), xRy, (1.5)
MNz+1)=2T(zx), zeR4, (1.6)
) (z) = /OO (Int)*t*~le~tdt, keNy, z€Ry. (1.7)
0

Obviously, I'(1) = 1. Hence, from the formula (1.6) we deduce that
F(n+1)=n! neN. (1.8)

In other words, the I'-function extends the factorial operator from positive
integers to positive numbers. We also have the value

I'(1/2) = V. (1.9)

Using (1.6), we have

(o)) (3400
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which can be expressed as, with the help of (1.9),

F<n+ %) Bl Ly CIO Ly (1.10)

on T 22np)

Stirling’s formula provides the asymptotic order of the I'-function when
its argument tends to oo:

) I(x)
lim ————————— = 1.11
w00 \/2 T g —1/2¢—7 (L11)
Choosing x =n + 1 € Nin (1.11), we deduce that
n!
lim — =1.
n—oo \/2mnnte "
We write
nl~v2mn (E) for n sufficiently large.
e
Pochhammer’s symbol is defined as follows. Let = € R. Then,
(x)o:=1, (@p=z(+)(z+2)---(z+n-1), neN.
It is handy to note
I'(x+n
(2)n = (I“T)) for z € R. (1.12)
A closely related function is the beta-function,
1
B(z,y) ::/ t" Y1 —t)vtdt, x,y e Ry, (1.13)
0
We have the following relation:
I'(2) T(y)
B(z,y) = =——=, sy € Ry 1.14

1.3 Basic Results Related to the Sphere

We use dV'¢ for the d-dimensional volume element and dS?~! for the (d—1)-
dimensional surface element over the unit sphere S?~!. Over the surface of a
general domain, we use do for the surface element.
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For d > 3, we write, for £ =&y € S

Eay=tea+ V1—12&4 q), te[-1,1], 41y €Sh (1.15)

Here and below, similar to @ (4_1), depending on the context, we use S(dfl) to

represent both a d-dimensional vector (1, ..,&4-1,0)7 € S* ! and a (d—1)-
dimensional vector (&1,...,&_1)" € S*72. Then it can be shown that [85,
Sect. 1] for d > 3,

dS M (tea + V1 —12€,_y)) = (1 —12)F dtdS“ 2(€y_y),  (1.16)

or simply,
AT = (1 — ¢2)= dt dSi2. (1.17)

As an example, let d = 3. For a generic point in S?, in spherical coordinates,

cos ¢ sin 6

€3 = | singsing |, 0<¢<2m 0<O<m.
cos
Denote
cos @
t =cosf e [-1,1], £ = | sing | € S2.
0
Then,

6(3) = teg =+ \V 1 —t2€(2)

Furthermore, dS' = d¢ and (1.17) takes the form dS? = dt d¢.
The formula (1.17) will be applied frequently later in the book. In partic-
ular, we can use this formula to compute the surface area of the unit sphere

Sl ::/ s,
§d—1

We have

1 1
|Sd’1|:/ (1—152)%%/ de*2:|Sd*2|/ (1—2)%"at.
Sd—2 —1

-1

To compute the integral, we use the change of variable s = ¢2. Then,

1 1 B
/ (1—t2)d2;3dt:/ sé(l—s)d;dS—B<l,—d 1>
—1 0 2 2
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Thus, we have the recursive relation

L ET(EY
=

We derive from (1.18) the following formula

IS972| for d >3, [S'|=2nm. (1.18)

vl

27
d
F(§

|S471) = (1.19)

~—

This formula is proved for d > 2; for d = 2, S! is the unit circle and |S!| = 27
is the circumference of the unit circle. We will use the formula (1.19) also for
d = 1 by defining |S"| := 2. Note that the formula (1.19) can also be stated
as follows:

2k+1ﬂ.k

2k
IS |_—(2k—1)!!’ ke N.

2k
(k— 1)V

|S2k71| —

We record some useful relations in computing integrals with change of
variables. Their proofs can be found in [85, Sect. 1].

If A € R is orthogonal, then dS4~1(A¢) = dS9'(¢), dVi(Ax) =
dvi(z).

With polar coordinates @y = r€(q), 7 = |T ()| and {4 = & € ST we
have dV4(r¢) = r¢=tdr dS4=1(¢).

We denote by C(S?™!) the space of complex-valued or real-valued contin-
wous functions on S%~!. This is a Banach space with its canonical norm

| fllos == sup{| f(&)] : € € ST}
We denote by L? (Sdil) the space of complex-valued or real-valued squared

integrable functions on S?~!. This is a Hilbert space with the canonical inner
product

(F):= [ rads*

and its induced norm

I £ll2:= (f: /)2
We will also use (f,g)r2(si-1) or (f,g)sa—1 for the L*(S%~!) inner product,
and use || - || p2(ge-1) for the L2(S*~!) norm.

We will consider the space C(S*™1) with the L2(S?*™!) inner product and
norm. Note that then C(S?™1) is not complete. The closure of C(S*™!) with
respect to the || -||2 norm is L2(S*™1). In other words, given an f € L2(S%1),
there exists a sequence {f,} € C(S**) such that
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[fn—fllz2—0 asn— .

For f € C(S*™'), define its modulus of continuity

w(f;0) = sup{|f(€) — f(m)] : & m € ST, [€ —n| <} (1.20)

for § € (0,1). Then
w(f;0) =0 asd—0.

For 6 € (0,1), define the set
Qg:{meRd:|m|e[1—6,1+5]}. (1.21)

In studying a function f defined on S?™1, a useful trick is to consider its
following extension

F(x) = f(%) = f(¢) for = € Q. (1.22)

For k € N, we say f is k-times continuously differentiable on S¢~! whenever
f* is k-times continuously differentiable in 5. Obviously, this definition of
differentiability of f on S*~! does not depend on the choice of § € (0,1). For
k € No, we define C*(S?™1) to be the space of complex-valued or real-valued

functions on S?~! that are k-times continuously differentiable; C° (Sdil) =
C(S*™). We define the norm

Il fllersa-1y = 1F lors)- (1.23)

The right side of (1.23) does not depend on the choice of 6 € (0,1). We
will use the simplified notation || f|| for || f||¢(ge-1)- Under the norm (1.23),

C*F(S*71) is a Banach space.



Chapter 2
Spherical Harmonics

This chapter presents a theory of spherical harmonics from the viewpoint
of invariant linear function spaces on the sphere. It is shown that the
system of spherical harmonics is the only system of invariant function
spaces that is both complete and closed, and cannot be reduced further.
In this chapter, the dimension d > 2. Spherical harmonics are introduced
in Sect.2.1 as the restriction to the unit sphere of harmonic homogeneous
polynomials. Two very important properties of the spherical harmonics are
the addition theorem and the Funk—Hecke formula, and these are discussed in
Sects. 2.2 and 2.5, respectively. A projection operator into spherical harmonic
function subspaces is introduced in Sect. 2.3; this operator is useful in proving
various properties of the spherical harmonics. Since several polynomial spaces
are used, it is convenient to include a discussion on relations of these
spaces and this is done in Sect. 2.4. Legendre polynomials play an essential
role in the study of the spherical harmonics. Representation formulas for
Legendre polynomials are given in Sect. 2.6, whereas numerous properties
of the polynomials are discussed in Sect.2.7. Completeness of the spherical
harmonics in C(S?~1) and L(S?™!) is the topic of Sect. 2.8, and this refers to
the property that linear combinations of the spherical harmonics are dense in
C(S* 1) and in L2(S*™!). As an extension of the Legendre polynomials, the
Gegenbauer polynomials are introduced in Sect.2.9. The last two sections
of the chapter, Sects.2.10 and 2.11, are devoted to a discussion of the
associated Legendre functions and their role in generating orthonormal bases
for spherical harmonic function spaces.

2.1 Spherical Harmonics Through Primitive Spaces

We start with more notation. We use Q% for the set of all real orthogonal
matrices of order d. Recall that A € RY*? is orthogonal if ATA = I,
or alternatively, AAT = I, I = I; being the identity matrix of order d.

K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit 11
Sphere: An Introduction, Lecture Notes in Mathematics 2044,
DOI 10.1007/978-3-642-25983-8_2, © Springer-Verlag Berlin Heidelberg 2012



12 2 Spherical Harmonics

The product of two orthogonal matrices is again orthogonal. In algebra
terminology, 0%is a group; but in this book, we will avoid using this term. It
is easy to see that det(A) = +1 for any A € Q% The subset of those matrices
in O with the determinant equal to 1 is denoted as SO?. For any non-zero
vector n € RY,

0d(n) = {A ce0?: An = 77}

is the subset of orthogonal matrices that leave the one-dimensional subspace
span{n} := {an : @ € R} unchanged.

For a function f: R? — C and a matrix A € R*?, we define fa: RY - C
by the formula

falx) = f(Az) YaxeR%
We will use this definition mainly for A € 0? and for study of symmetry

properties of functions.

Proposition 2.1. If fo = [ for any A € Q% then f(x) depends on
through |x|, so that f is constant on a sphere of an arbitrary radius.

Proof. For any two vectors =,y € R? with || = |y|, we can find a matrix
A € 0% such that Az = y. Thus, f(x) = fa(x) = f(y) and the proof is
completed. a

Consider the subset Q%(eg). It is easy to show that any A € 0%(ey) is of
the form

A= (ATlO), A € 0%, (2.1)
0" 1
Similar to Proposition 2.1, if f4 = f for any A € Q%(ey), then f(z) depends
on x through |z ;_1)| and z4.
We will introduce spherical harmonic spaces of different orders as primitive
subspaces of C' (Sd_l). Consider a general subspace V of functions defined in
R? or over a subset of R%.

Definition 2.2. V is said to be invariant if f € Vand A € O imply f4 € V.
Assume V is an invariant subspace of an inner product function space with
the inner product (-,-). Then V is said to be reducible if V.= V; + V5 with
Vi # (0, Vo # ), both invariant, and Vy; L Vs. V is drreducible if it is not
reducible. V is said to be primitive if it is both invariant and irreducible.

We note that V; L Vg refers to the property that (f,g) = 0V f € Vq,
Vge Vs,
Definition 2.3. Given f : R? — C, define span {fA A€ @d}, the space of

functions constructed through f and (O)d, to be the space of all the convergent
combinations of the form } .-, ¢;fa; with A; € 0% and ¢; € C.
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For the above definition, it is easy to see span { faiAc @d} is a function
subspace. Moreover, if V is a finite dimensional primitive space, then

V:span{fA:Ae(O)d} VO£ feV.

2.1.1 Spaces of Homogeneous Polynomzials

We start with H‘i, the space of all homogeneous polynomials of degree n in
d dimensions. The space H consists of all the functions of the form

Z aax®, aq € C.

|a|=n
As some concrete examples,

2 2 2
H; = {alxl + asr172 + 375 1 a; € (C} ,
3 2 2 2
Hj = {a12] + asw122 + asz173 + a423 + aszoxs + agaj : a; € C},

2 2 2
Hj = {alx:{’ + agxiT2 + azr1Ts + a4x§ taj € (C} .

It is easy to see that HZ is a finite dimensional invariant space. To
determine the dimension dim ]HIZ, we need to count the number of monomials
of degree n: *® with o; > 0 and a3 + - + ag = n. We consider a set of
n +d— 1 numbers: 1, 2, ..., n+d — 1. Let us remove from the set d — 1
numbers, say 81 < -+ < B4—1. Denote 5y = 0 and 84 = n + d. Then define

o =i —Bi-1—1, 1<i<d,

i.e., define «; to be the number of integers between (5;_1 and f3;, exclusive.
Note that >_"" | a; = d. This establishes a one-to-one correspondence between
the set of non-negative integers asq, ..., aq with a sum n and the set of d — 1
distinct positive integers 81 < --- < 84—1 between 1 and n 4+ d — 1. Since the
number of ways of selecting d — 1 different numbers from a set of n +d — 1

numbers is
n+d-—1
d—1 ’

dimHE = <”;f; 1) - (”+Z_1>. (2.2)

we have
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In particular, for d = 2 and 3, we have
1
dimH2 =n +1, dimHi:i(nH) (n+2). (2.3)

We give in passing a compact formula for the generating function of the

sequence {dimH},,>o,
o0

Z (dim HZ) 2"

n=0

Recall the Taylor expansion (e.g., deduced from [9, (1.1.7)])

(1+x)s:i(2)xn7 2] <1, <Z> ::8(8—1)..7.1!(5—n+1)_

n=0

Replacing x by (—z) and choosing s = —d, we obtain

(1—x)_d:i (”+Z_1>x", 2] < 1. (2.4)

n=0

Thus,

i (dimHi) 2" = ﬁ 2| < 1. (2.5)

n=0

For n > 2,
[Py o= {2 Hamo(@) : Hoo € HL, |

is a proper invariant subspace of HZ. Hence Hilgd—l, the restriction of Hfll to
S?71 is reducible. Let us identify the subspace of ]HIZ that does not contain
the factor |z|%.

Any H, € ]HIZ can be written in the form

H,(x)= Z aax®, aq € C.

le|=n

For this polynomial H,,, define

Given any two polynomials in HZ,

Hyi(®)= Y aaiz®,  Hoyp(@) = Y a2z,

la|=n |a|=n
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it is straightforward to show

H,1(V Z o 1Taz = Hyo(V)H, 1(z).
|ox|=
Thus,
(Hmlv Hn,Q)Hg = Hn,l(V)Hn,E(w) (26)

defines an inner product in the subspace HZ.
Recall that a function f is harmonic if Af(x) = 0. Being harmonic is an
invariant property for functions.

Lemma 2.4. If Af =0, then Afs =0V A e Q%
Proof. Denote y = Ax. Then V, = AV,,. Since A € 0%, we have

ANp=Vou Vo=V, -V, =A,

So the stated property holds. O
We now introduce an important subspace of H‘fl.

Definition 2.5. The space of the homogeneous harmonics of degree n in d
dimensions, Y, (Rd), consists of all homogeneous polynomials of degree n in
R? that are also harmonic.

We comment that non-trivial functions in Y,, (Rd) do not contain the factor
|z|?. This is shown as follows. Suppose Y, (z) = |z|?Y,_2(x) is harmonic,
where Y,,_o(x) is a homogeneous polynomial of degree (n — 2). Then

(Ynayn)Hn’d = n—2(V)AYn(CE) =0.

Hence, Y, (z) = 0.

Ezample 2.6. Obviously, Y, (R?) = H? if n =0 or 1.

Ford =1, Y, (R) = for n > 2.

For d = 2, Y5(R?) consists of all polynomials of the form a (23 — 23) +
bz, a,b € C. Polynomials of the form (z; + 4 x2)" belong to Y, (R?).

For d = 3, any polynomial of the form (z3 + iz cosf +ixzysinfd)”, 6 € R
being fixed, belongs to Y, (R?). O

Let us determine the dimension N, 4 := dim Yn(R ). The number N, 4
will appear at various places in this text. Any polynomial H,, € Hn can be
written in the form

H,(z1, -,z Z Ta) hn—j(z1, - Ta-1), hn_j € HZ:;. (2.7)
7=0



16 2 Spherical Harmonics

Apply the Laplacian operator to this polynomial,

n—2

Ay Hn (@) = D_(@a)’ [Ag-n)hn-j(£(a-1))
§j=0

+(+2) (G + 1) hnoj2(®a-1))] -
Thus, if H, € Y, (R?) so that Ay Hp(x(q)) =0, then

1

m A(d—l)hnfj; O S j S n— 2. (28)

hn7j72 = -
Consequently, a homogeneous harmonic H,, € Y, (Rd) is uniquely determined
by h, € H." and h,_; € HY"! in the expansion (2.7). From this, we get
the following relation on the polynomial space dimensions:

Npg = dimH! 4+ dim HIZ]. (2.9)

Using the formula (2.2) for dimHY ™" and dim H?~}, we have, for d > 2,

n—1»

2n+d—2)(n+d—3)!

Nn = )
4 nl(d—2)!

eN. (2.10)

In particular, with n € N, for d =2, N, 2 =2, and for d =3, N, 3 =2n+ 1.
It can be verified directly that No 4 =1 for any d > 1, and

NO,l = N111 = 1, Nn71 =0Vn Z 2. (211)
Note the asymptotic behavior
Nna=0(nm*?%) for n sufficiently large. (2.12)

For the generating function of the sequence { Ny, 4}n, we apply the relation
(2.9) for n > 1,

> Npaz" =1+ Npaz"
n=0 n=1
1+ (dime;l) Y (dimHij) o
n=1 n=1
(dim Hzfl) 2"+ z Z (dimHZ71> 2"
0 n=0

=(1+2) i (aim B =) 2m.

n=0

M

n
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Thus, using the formula (2.5), we get a compact formula for the generating
function of the sequence {Ny, 4}n:

- n 1+2

We can use (2.13) to derive a recursion formula for N, 4 with respect to
the dimension parameter d. Write

142 1+ 2 o
T = T T (Zde 12 )(Z)
k=0

‘We have

1 Jr z
_ - _ N,
i g (£ )
Comparing this formula with (2.13), we obtain

Npa= Y Nma-1. (2.14)
m=0

2.1.2 Legendre Harmonic and Legendre Polynomial

We now introduce a special homogeneous harmonic, the Legendre harmonic
of degree n in d dimensions, L,, 4 : R? - R, by the following three conditions:

L. € Y, (RY), (2.15)
Lna(Az) = L, g(z) VAecQ%eq), Yo € RY, (2.16)
Lmd(ed) =1. (2.17)

The condition (2.16) expresses the isotropical symmetry of L,, 4 with respect
to the x4-axis, whereas the condition (2.17) is a normalizing condition. Write
Ly,.q in the form (2.7) and A € 0%(ey) in the form (2.1). Then the condition
(2.16) implies

hn—j(AlfB(d—l)) = hn—j(w(d—l)) VA € @dil, T(g-1) € Rdil, 0<j5<n.
From Proposition 2.1, h,,_; depends on x(4_1y through [z _1)|. Since h,,_;

is a homogeneous polynomial, this is possible only if (n — j) is even and
we have
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celxg_n|?* if n—j =2k,
i (®a-1)) = {o oy ifn—j=2k+1, "€ R.
Hence,
[n/2]
Lpa(x) = cxl@—n| ™ (@a)" 2,
k=0

where [n/2] denotes the integer part of n/2. To determine the coefficients
{ck}ggnz/g], we apply the relation (2.8) to obtain
(n—2k+2)(n—2k+1)

= — . < < .
o hZk+d—g) v lsks/

The normalization condition (2.17) implies ¢g = 1. Then

n!T(4L)

7
AE! (n — 2k)1 T (k + 451)°

C = (—l)k

0<k<[n/2.

Therefore, we have derived the following formula for the Legendre harmonic

n/2 _
d— 1) [i](_l)k |€B(d71)|2k($d)n 2k

Lp.a(x) = n! F(T AREY (n — 2k)! T (k + 451) (2.18)

k=0
Using the polar coordinates
T =r€q, &a=teat+(1—t)¢u 1),
we define the Legendre polynomial of degree n in d dimensions, P, 4(t) :=

Ly,d(&4)), as the restriction of the Legendre harmonic on the unit sphere.
Then from the formula (2.18), we have

d-1\ & (1 — 12)kgn—2k
Pya(t) = n! F(T) kg D o CEE = M

Corresponding to (2.17), we have
P,q(1)=1. (2.20)

This property can be deduced straightforward from the formula (2.19). Note
the relation

Ln)d(:l:) = Ln)d(’rﬁ(d)) = ’I“"Pmd(t). (2.21)
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The polynomial P, 3(¢) is the standard Legendre polynomial of degree n.
Following [85], we also call P, 4(t) of (2.19) Legendre polynomial.

Detailed discussion of the Legendre polynomials P, 4(t) is given in
Sects. 2.6 and 2.7.

2.1.3 Spherical Harmonics

We are now ready to introduce spherical harmonics.

Definition 2.7. Y¢ := Y, (R%)|ga—1 is called the spherical harmonic space
of order n in d dimensions. Any function in Y‘i is called a spherical harmonic
of order n in d dimensions.

By the definition, we see that any spherical harmonic Y,, € YZ is related
to a homogeneous harmonic H,, € Y, (Rd) as follows:

Hy (r§) = r" Y, (€).
Thus the dimension of Y? is the same as that of Y, (R%):
dimY? = N, 4

and N, 4 is given by (2.10).

Take the case of d = 2 as an example. The complex-valued function (x; +
i22)™ is a homogeneous harmonic of degree n, and so are the real part and the
imaginary part of the function. In polar coordinates (r,6), & = (cos#,sin )7
and the restriction of the function (z1 + i x2)™ on the unit circle is

(cosB 4 i sinf)™ = e = cos(nb) + i sin(nd).

Thus,
Yn1(&) = cos(nh), yn 2(€) = sin(nd) (2.22)

are elements of the space Y2,
Let € € S%! be fixed. A function f : $*7! — C is said to be invariant
with respect to Q% (&) if

f(An) = f(n) YAe0'€),vnesi™

We have the following result, which will be useful later on several occasions.

Theorem 2.8. LetY, € Yi and € € SL. Then'Y,, is invariant with respect
to Q(&) if and only if



20 2 Spherical Harmonics

Y(n) = Yu(€) Pra(ém) ¥Ymes™ (2.23)

Proof. (=) Since £ is a unit vector, we can find an 4; € O such that
£ = Ajey. Consider the function

Yn(’r]) = Yn(Al’r])a YRS Sd_l'

Then Y, is invariant with respect to @%(eq). From the definition of the
Legendre harmonic L, q(x), we know that the homogeneous harmonic
™Y, (n) is a multiple of L,, 4(r"n),

Y, (n) = c1Lna(r™n), r>0, nesi?

with some constant ¢;. Thus,

Yo(n) =ciLna(m), mesi

Choosing n = eq, we find

Cc1 = Yn(ed).
Hence,
Yn(n) = i/n(ed) Ln,d(n) = Y/n(ed) Pn,d(n'ed)v ne Sd_l'

Then,

i.e., the formula (2.23) holds.
(<) The function Y,(n) satisfying (2.23) is obviously invariant with
respect to Q%(). O

Consequently, the subspaces of isotropically invariant functions from Yi
are one-dimensional.
2.2 Addition Theorem and Its Consequences

One important property regarding the spherical harmonics is the addition
theorem.
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Theorem 2.9 (Addition Theorem). Let {Y,,;:1<j<N,a} be an

orthonormal basis of Yn,

Yo i (MY k(M) dS* (n) = 655, 1 <4,k < N

§d—1
Then
Nn d N
Y0,i(€)Yn,j(m) = ] 1| wa(€m) VEmesTh (2.24)
=1

Proof. For any A € 0%and 1<k < Ny, Yo (A€) € Yi and we can write

Y,k (A€) = ch] i (€), en; e C. (2.25)

From

[, Vs A0V G as O = [ Yo Voalm st n) = o
gd—1 gd—1

we have
N'n.,d Nn,d
5jk - § CjlCkm (Yn,l; Yn,m) = § lec_kl-
I,m=1 =1

In matrix form, CCH = I. Here C¥ is the conjugate transpose of C. Thus,
the matrix C' := (¢;;) is unitary and so CHC =1, i.e.,

Nn,d
Z cjicjk = Ok, 1 <1,k < Ny q. (2.26)

Now consider the sum

Np.,a
Vo (€)Yn (M), &mest

j=1

For any A € 0%, use the expansion (2.25),

Nn d N'n.,d
Y (AE, An) = Z Yo i (A€)Yn Y5 (An) = Z CikCi1 Y,k (§)Yn,1 (1),
j=1 Gk l=1

and then use the property (2.26),
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Y (A€, An) = ZYM (n) =Y (&)

So for fixed &, Y(£,-) € Y¢ and is invariant with respect to Q%(€). By
Theorem 2.8,

Y(&m) =Y (& €) Pralén).

Similarly, we have the equality

Y(&n) =Y (n,n) Pna§n).

Thus, Y(£,€) = Y(n,n) and is a constant on S*"'. To determine this
constant, we integrate the equality

over S%7! to obtain

V(£ €) S‘“I—Z/ (6)ds*" = N, .

Therefore,
Nn,d
Y(§,€) = S
and the equality (2.24) holds. O
The equality (2.24) is, for d = 3,
2n-+1
— 2n+1
Z Yn,j (S)Ynd (,’7) = A Pn,3(£,’7) V£= n e 827 (227)
and for d = 2,
2
1
S Vo (€)Vag(m) = — Paz(ém) VEmes” (2:28)
j=1

For the case d = 2, we write £ = (cos 6, sinf)” and n = (cos, siny)T. Then,
£€-n = cos(f —1)). As an orthonormal basis for Y2, take (cf. (2.22))

Yn,l(g) =

os(nf), Y,2(€) = sin(nd).

5l
-
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By (2.28),
P, 2(cos(0 — 1)) = cos(nf) cos(ny) + sin(nh) sin(ny) = cos(n (6 — 1)) .

Thus,
P, 2(t) = cos(n arccost), [t| <1, (2.29)

i.e., P, is the ordinary Chebyshev polynomial of degree n.
We note that for d = 2,

n
k=0

is the Dirichlet kernel, whereas for d = 3,

1 sin((n+1/2)¢) Y
Peal(€ ﬂw, cos ¢ := €1,

S| =

n 2k+1

n+1
D2 Ves(@Ves(n) = = — PM(Em) YEmest  (230)
k=0 j=1

Here P{M?) (t) is the Jacobi polynomial of degree n on [—1,1], based on the
weight function w(t) = 1 — ¢; and as a normalization, Pfll’o)(l) =n+1
This identity is noted in [50]. See Sect. 4.3.1 for an introduction of the Jacobi
polynomials.

We now discuss several applications of the addition theorem.

The addition theorem can be used to find a compact expression of the
reproducing kernel of Y‘i. Any Y, € Yfll can be written in the form

Ny.a
Yn,YnJ Sd— 1Yn3(£) (2.31)
j=1
Applying (2.24),
Nn,a
Yn(S)_ i Yn(n) Yn,](S)Y ( ) Sd 1( )
j=1
Ml [ Py aen) Ya(n) ds® )
[S*™ Jga—1
Hence,
Ny,
Kna(§,m) = R 1| a(&m) (2.32)

is the reproducing kernel of YZ, ie.,

Yo (€) = (Yo, Kna(€,))sa1 VY, € YE gesi™h (2.33)
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Define .
Y. = EPYs
n=0

to be the space of all the spherical harmonics of order less than or equal to
m. Then by (2.33),

1

KO:m,d(Sv,r]) = |Sd 1|

Z Np.aPr.a(€m) (2.34)

n=0
is the reproducing kernel of Yg:m in the sense that
Y (€)= (Y, Koom.a(&,))ge—1r VY € YL,  €eSih

We now derive some bounds for any spherical harmonic and for the
Legendre polynomial, see (2.38) and (2.39) below, respectively.
Since P, (1) =1, we get from (2.24) that

Nn,d
Yo (O = 2 VéEes™ (2.35)

J=1

This provides an upper bound for the maximum value of any member of an
orthonormal basis in Yi:

- . N, \ 2
max{|Yn,j(£)| eesth1<j< Nn,d} < <|Sd7?|) . (2.36)

Consider an arbitrary Y;, € Y¢. From (2.31), we find

Np,a
/Sd,l Yo (€)PdS (&) = > (Y, Vo j)gan [*. (2.37)
j=1

By (2.31) again,

Nn,d Nn,d
2 < Z |Yn,j(€)|2 Z |(Yn7Yn,j)Sd*1|2-
j=1 j=1

Then using (2.35) and (2.37),

Y@ < o

< gty Wallenry
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Thus we have the inequality

N 1/2
||Yn|oos<m) Wallegosy VY € Y4, (2.38)

which extends the bound (2.36).
By (2.24) and (2.35), we have

. N, . V2 N 2 1/2 N
] 1| | Poa(ém)] Zj &)l ; Yastml®| =g
Therefore,
|Pha(t)| <1=P,q(1) VneN, d>2te[-1,1]. (2.39)

We have an integral formula

s

[, \Puatempast-in =S (2.40)
gd—1 n,d

This formula is proved as follows. First we use (2.24) to get

Nn,d

[ Pustempastm)
d—1 2 _
= <%> ‘/S Z Yn,j(S)Yn,j(n)
n, - |
d— 1
(&5

Then we apply the identity (2.35).
As one more application of the addition theorem, we have the following
result.

2
s~ (n)

Theorem 2.10. For any n € Ny and any d € N, the spherical harmonic
space Yi is irreducible.

Proof. We argue by contradiction. Suppose YZ is reducible so that it is
possible to write Yi =V; + Vs with Vi # 0, Vo # 0, and V; L V5. Choose
an orthonormal basis of Yi in such a way that the first IV; functions span V;
and the remaining Ny = N,, 4— N7 functions span Vs. For both V; and Vs, we
can apply the addition theorem with the corresponding Legendre functions
Pn,d,l and Pn,d,Q- Since Vl L VQ,
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/ Pra1(€m)Paa(én)dSi(n) =0 veEesTh (2.41)
§d—1

For an arbitrary but fixed & € S%7!, consider the function 1 +— P, 4.1(&7).
For any A € @d(é), we have AT A =T and A€ = £, implying AT¢ = €. Then

Pn,d,l({'A,r]) = Pn,d,l(ATS'n) = Pn,d,l({"r])u

i.e., the function 1 +— P, 4(&n) is invariant with respect to Q%(¢). By
Theorem 2.8,

Pn,d,l(&'n) - Pn,d,l(&'&) Pnd(gn) - Pn,d(én)
Similarly,
Pn,d,2(£',’7) = Pn,d(gn)

But then the integral in (2.41) equals |S*"|/N,,.q by (2.40) and we reach a
contradiction. O

2.3 A Projection Operator
Consider the problem of finding the best approximation in Yi of a function
feL?(sh):

inf {Ilf — Yallzo(a-1y 1 Vo € Yi}. (2.42)

In terms of an orthonormal basis {Y;, ; : 1 < j < N, 4} of Y%, the solution of
the problem (2.42) is

2

n,d

(Pn.af)(&) = D (f,Ynj)sa-1Yn ;(§)- (2.43)

Jj=1

This is the projection of any f into Y¢ and it is defined for f € L'(S?™!). The
disadvantage of using this formula is the requirement of explicit knowledge of
an orthonormal basis. We can circumvent this weakness by applying (2.24)
to rewrite the right side of (2.43).

Definition 2.11. The projection of f € L1(§d_1) into YZ is

Nn,d
|Sd_1| gd—1

(Pn.af)(&) := Ppa(&n) f(n)dS*(n), &es™™  (244)
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The operator P,, 4 is obviously linear. Let us derive some bounds for the
operator Py, 4. First, we obtain from (2.39) that

|(Poaf)(€) < TN fllrer), €€

ISd 1

Then, for all f € L'(S*1),

Ny,
[Pr.afllcss-1) < & P PR, (2.45)

|
1Pr,afllcrse-1y) < Noall fllpiga-1y- (2.46)

Next, assume f € LQ(Sd_l). For any & € st

|(Paaf) @I < (QJTJ /Sdiﬁpn’d(&_n”md,l(m

[ Past ),

Use (2.40),
|(Puaf)(€)” <

< |Sd 1|||f||L2(sd 1y

Hence, for all f € L2(S?1),

1Pasafll 21y < Np/2lFllpaa-y, (2.47)
N 1/2
1Poaf o < <W> T (2.48)

We remark that (2.47) can be improved to
[Pn,afllLz@i-1) < I fllp2a-1);
see (2.134) later. Furthermore, if f € C(S%!), a similar argument leads to

1Pn.afloga-1y < Nal2ll flloe.- (2.49)

Proposition 2.12. The projection operator P, q and orthogonal transfor-
maltions commaute:

Pr.afa = (Pnaf)a VAecO%
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Proof. We start with the left side of the equality,

(Puafa)€) = 5 [ Pralgom £(am) 5" )
Nn,d d—1
= —T P a(A€-C) £(€) dST (),
|S | Jsa—1
which is (Pp,af)4(€) by definition. O

A useful consequence of Proposition 2.12 is the following result.

Corollary 2.13. IfV is an invariant space, then Py 4V = {Pp.af : f € V}
is an invariant subspace of Yi.

Since YZ is irreducible, by Theorem 2.10, Corollary 2.13 implies that if
V is an invariant space, then either V is orthogonal to YZ or P, 4V = YZ.
Moreover, we have the next result.

Theorem 2.14. IfV is a primitive subspace of C(S*™Y), then either V 1 Y¢
or Pnp,a 15 a bijection from V to Y’i. In the latter case, V = Y’i.

Proof. We only need to prove that if P, g : V — Yi is a bijection, then
V= Y‘i. The two spaces are finite dimensional and have the same dimension
Npa = dim(YZ). Let {V; : 1 < j < N, q} be an orthonormal basis of V.
Since V is primitive, for any A € O¢, we can write

Np.,a

Vi(A€) = Y ciVi(€), e €C,

k=1

and the matrix (¢;i) is unitary as in the proof of Theorem 2.9. Consider the

function
Np.,a

V(Em) =) Vi&)V;(n).

j=1

Then again as in the proof of Theorem 2.9, we have
V(AL An) =V (€,m) VAe0?
Given &,m € S?1, we can find an A € O such that
At =ey, An=tes+ (1 —t*)2e4_ 1 with t = €.

Then
V(E,m) =V(estes+ (1—1)2e4 1)
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is a function of ¢ = &-m. Denote this function by Py(t). For fixed &, the
mapping n — Py(€m) is a function in V, whereas for fixed ¢, the mapping
N+ P,.4(¢m) is a function in Y¢. Consider the function

0€.0) = | Pal€mPualcn)as' )
We have the property

$(A&, AC) = $(€,¢) VA0

o ¢(&,¢) depends on &-¢ only. This function belongs to both V and YZ.
Thus, either V = YZ or ¢ = 0. In the latter case, we have

N,
Z J (VJaYnk)Lz(Sd 1)—0 VE CESd 1
k=1

where {Y,, 1 : 1 < k < N, 4} is an orthonormal basis of YZ. Since each of the
sets {V; 11 < j < Npq}and {Y,; : 1 < j < N, 4} consists of linearly
independent elements, we obtain from the above identity that

(VjaYn,k)Lz(Sd—l) = 07 1 < jak < Nn,d-

This implies V L Y¢. 0
We let V = YZ“ m # n, in Theorem 2.14 to obtain the following result

concerning orthogonality of spherical harmonics of different order.
Corollary 2.15. Form #n, Y¢ 1 Y2,

This result can be proved directly as follows. Let Y;, € Yzl and Y, € Y‘i
be the restrictions on $* ! of H,, € Y,,,(R?) and H, € Y,(R?), respectively.
Since AH,,(x) = AH,(x) =0, we have

/ (H, AH, — HyAH,,) dz = 0.
llell <1

Apply Green’s formula,

OH,  OHn\ ous
/SH <Hm S H, W) dsi-1 = 0. (2.50)

Since H,, is a homogeneous polynomial of degree m,

OH,(x)

e =mY,,(€), &es¥h

w=¢
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Similarly,
0H, (x)

or

=nY,(§), &€ s*t
z=£

Thus, from (2.50),

[, = mYa@ Y st ) o

Hence, since m # n,

Yin(€) Y (€) dS?71(€) = 0.

§d—1

2.4 Relations Among Polynomial Spaces

We have introduced several polynomial spaces in the previous sections. Here
we discuss some relations among these polynomial spaces.

Proposition 2.16. The Laplacian operator A is surjective from ]HIZ to HZ_Q
forn > 2.

Proof. Obviously, the operator A maps H¢ to H? ,. By (2.2) and (2.10), we
have

1\ _ oy
dimHY — dimy, &%) < 2td- D! @ntd-2)(ntd-3)

n!(d—1)! n!(d —2)!
_ (n—=24d-1)!
 (n=2)!(d—-1)!
= dimH? .
Therefore, A : HY — H?_, is surjective. O

It is possible to give another proof of Proposition 2.16 using the inner
product (2.6). Suppose A : HY — H?_, is not surjective. Then there exists a

non-zero function H,,_o € HZ_2 such that
(AHy, Hyz)ga =0 VH,€H;.

Take H,(z) = |z|*H,,—2(x) to get

(Hp, Hn)Hg = H,(V)Hy(x) = Hp—2(V)AH, ()
= (Hn_g, AHn)H272 = 0
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Hence, H,(x) = 0 and then H,_o(x) = 0. This contradicts the assumption
that Hn_g 75 0.

Lemma 2.17. For n > 2, H = Y,(RY) @ | - |PH®_,, with respect to the
inner product (2.6).

Proof. 1t is shown in the proof of Proposition 2.16 that
dimH? = dim Y,,(R?) + dim H?_,.

Thus, it remains to show Y,,(R?) L |- [2?H¢_,. For any Y,, € Y,,(R?) and any
H, 5 € H< there holds

n—2

(Yn’ - |2H"*2)H§§ = (AYn,anz)HiJ =0

Therefore, the statement is valid. a

The orthogonal decomposition stated in Lemma 2.17 can be applied
repeatedly, leading to the next result.

Theorem 2.18. With respect to the inner product (2.6), we have

H! = Y,(RY & |- PYos®) @ & |- PV, opm®Y).  (251)

Proof. For any H,, € Hi, by Lemma 2.17, we have
Hy(x) = Yo(®) + |2[° Hy2(2)

with uniquely determined Y,, € Y,, (Rd) and H,,_o € HZ_2. Applying Lemma
2.17to H,—o € Hi_Q, we can uniquely determine a pair of functions Y,,_o €
Y, 2(RY) and H,_4 € H®_, such that

H, o(x) =Y, o(x) + |z|*H,_4(x).

Hence,
H,(z) =Y, () + |2]*Yn_o(x) + |2|* Hy_a(z).
Continue this process to obtain the unique decomposition

Hy (@) = Yo(2) + |2 Yoa(@) + - + |22, o9 (2), (2.52)

where Y, _2; € Y,,_2;(R?). Note that the terms on the right side of (2.52)
are mutually orthogonal with respect to the inner product (2.6). O

As consequences of Theorem 2.18, we have the following two results.
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Corollary 2.19.

n

:ZY;?.

§d—1 j=0

=0

So the restriction of any polynomial on S is a sum of some spherical

harmonics and the restriction of the space of the polynomials of d variables
on S s Yo Y4,

Corollary 2.20. A polynomial H,, € Hi is harmonic if and only if
H,(&) Hy2(£)dS (&) =0 VH, »cHl _,. (2.53)
§d—1

Proof. (<) Use (2.52) to obtain

Then by (2.53) and the orthogonality of spherical harmonics of different order
(Corollary 2.15), we obtain

0= - H,,(&) Yi—25(€) dS*7(€)

= /di1 Yo_0;(€)]2dST™1(€), 1<j<[n/2.

So Y,_2; =0 for 1 <j<|[n/2] and H,(x) = Y, (x) is harmonic.
(=) Assume H,, € Y,(S%) is harmonic. Recalling (2.52), we write an
arbitrary H, o € H? _, as

H, s(x) =Y, a2(x) + |:c|2Yn_4(:c) + -+ |£B|2 [(n—2)/2]Yn7272 [(n—2)/2] (x).
Then,
(n—2)/2]

Hn(&) Hn72(€) Sd 1 Z mdsdil(g)

gd—1 gd—1
= O,

again using the fact that spherical harmonics of different order are orthogonal.
O

Now we discuss the question of how to determine the harmonic polynomials
Yo, Yoo, ..., Yy o[/ in the decomposition (2.52) for an arbitrary
homogeneous polynomial H,, of degree n. Since H,(x) is homogeneous of
degree n,
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H,(\x)=\"H,(x) YAeR, zecR%.
We differentiate this equality with respect to A and then set A = 1 to obtain

d

inﬁ%(:c) =nH,(x), H,ecH. (2.54)
X

i=1

Consider the function »™H,, (x) with r = || and m € Ny. Note that

or _ % Joica

)

ox; T

We take derivatives of the function " H,(x) to obtain
0

8:@»

82
Ox?

m OHn ()
8:@» ’

(r™Hy(x)) = mr™ 2z, H, () +

(r"Hy,(x)) = [m (m —2)r™ g2 + mrm_2] H,(x)

i

OH,(x) m O°Hp ()
8:1?1' T 8:E12 ’

+2mr™ g,

and hence, using (2.54),
A(r™Hy(x)) =m(d+2n+m —2)r™ 2H,(x) + r™AH,(x)
Vv H, € Hj. (2.55)
In particular, if H,(x) =Y, (x) is harmonic, then
A ™Y, () =m(d+2n4+m—2)r™ %Y, (x) VY, € Y, (RY). (2.56)
For H, € H?, we write (2.52) in a compact form
[n/2] ‘
H,(x) = Z |7, o (). (2.57)
3=0
Apply the Laplacian operator A to both sides of (2.57) and use the formula
(2.56),
[n/2]

AH, (@) = Y 2j(d+2n—2j —2) |2V Y, ().

j=1
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In general, for £ > 1 an integer, we have

[n/2]
AYH, (x 223 207 —1)---2(j — (k=1)) (d+2n—2j —2)

(d+2n—2j —4) - (d+ 2n — 25 — 2k) |2|2IPY, o (x).

Using the notation of double factorial,

[n/2]
d—|—2n—2j—2)” .
ARH,,( 20-RY, o).
z:: 2] — 2k (s on—2j —ok— 2™ 2% (®)
(2.58)
By taking k = [n/2], [n/2] — 1, ..., 1, 0 in (2.58), we can obtain in turn
Yo_2m/2, - Yu(x). In partlcular for n even,
Nd+n-—2)!
A"?H, = n—Y .
Hence,
(d—2)!
Y = " __A"?H,(x). 2.
0@ = an oo (@) (2:59)

Ezxample 2.21. Write
z? = Ys(x) + |x|*Yo(z).

K2

We first apply (2.59) to get

We then use (2.58) with n =2 and k& = 0 to obtain
2 1,
Ya(w) = a7 — ||
d
Hence, we have the decomposition

1 1
2= (2= JlaP) +1oPg 1<isa

The same technique can be applied for higher degree homogeneous
polynomials. O

2.5 The Funk—Hecke Formula

The Funk-Hecke formula is useful in simplifying calculations of certain inte-
grals over Sd_l, cf. Sect. 3.7 for some examples. Introduce a weighted L' space
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L%d_3)/2(—1, 1) := {f measurable on (—1,1) : || f|l 1 —11) < oo}

(2.60)

(a-3)/2(

with the norm

1
1912ty iy = [ 1FO10= )

Note that for d > 2, C[-1,1] C L%d_g)/Q(—l, 1). In the rest of the section,
we assume d > 2.

Recall the projection operator P, defined in (2.44). Given f €
Ly s 5(=1,1) and & € §*7', define fe(n) = f(&n) for n € ST, Then

(Pr.afe)a = Pn,afe for any A € @d(ﬁ). Since Py afe € Yi, by Theorem 2.8,
it is a multiple of P, 4(&-):

(Prafe)0n) = M Pra(€m)

This is rewritten as, following the definition (2.44),
MPuil€m) = [ Podem F€QISTIO. (200)

We determine the constant \,, by setting n = &€ in (2.61):

Ao = / P a(€:€) F(€:€)dST1(C).
Sdfl

The integral does not depend on £ and we may take & = eyz. Then using
(1.16),

= |s%- 2|/ Poa(t) f(£) (1 — 2)"=" at. (2.62)

Let Y, € YZ be arbitrary yet fixed. Multiply (2.61) by Y,, and integrate
over S9! with respect to n:

A / Py a(€m)Ya(n) dS ()
§d—1

= f(&¢Q) Pra(¢m)Yn(n)dS™ () ) dSTH(C). (2.63)
L€ ([ )

Applying the addition theorem, Theorem 2.9, we see that

Nn.,a

Z (Yo Yo i )gas Yo i (),

j=1

|Sd '

L, Pran-€)Y, (m ast
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i.e., i
[, Pamomatmas o =E—Iv0. e
d—1 n,d
Hence, from (2.63),
[, Femim st m) = aY.(6) (265)

We summarize the result in the form of a theorem.

Theorem 2.22 (Funk—Hecke Formula). Let f € L%d—g)/g(—l’l)’ § €
S and Y, € Y®. Then the Funk-Hecke formula (2.65) holds with the
constant A, given by (2.62).

From (2.65), we can deduce the following statement using the formula
(2.24). Assume f € L%d_?))/Q(—l7 1). Then

L, HEQ PO dS™ Q) = MuPogm) VEm €S n e,

(2.66)
where ), is given by the formula (2.62).
Letting f = P, 4 in (2.65) and comparing it with (2.64), we deduce the
formula

/1 Pa®) (1 - 2)*F at = 1S (2.67)

1 Nn7d|Sd72| ’
which is equivalent to (2.40).

2.6 Legendre Polynomials: Representation Formulas

Further studies of spherical harmonics require a deeper knowledge of the
Legendre polynomials. In this section, we present compact formulas for
the Legendre polynomial P, 4 defined in (2.19): one differential formula
(Rodrigues representation formula) and some integral representation for-
mulas. These formulas are used in proving properties of the Legendre
polynomials in Sect. 2.7.

2.6.1 Rodrigues Representation Formula

By Corollary 2.15,

/S  Pnal0) Paa(6:€)dSTH€) =0 form # .
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By the formula (1.17), the left side integral equals

/SH </_11 Pon.a(t) Pra(t) (1 = t2)% dt) 4§92

— st 2|/ Proa(t) Paa(t) (1—2)°F dr.
So

/1 Pra(t) Poa(t) (1—13)7 dt =0 for m #n. (2.68)

-1

Consequently, denoting P,, a polynomial of degree less than or equal to m,
we have the orthogonality

/1 Po(t) P, ()(1—1:2)5 dt =0, m<n. (2.69)

-1

The Legendre polynomials are determined by the orthogonality relation
(2.68) and the normalization condition P, 4(1) = 1.

Theorem 2.23 (Rodrigues representation formula).

Poa(t) = (~1)" Ry a(1 - £2)°" (i

dt) 1-£)"2 ford>2, (2.70)

where the Rodrigues constant

=2/ (2.71)

Proof. The function

palt) = (1 — 12)%5 <a)" (1= 2y

is easily seen to be a polynomial of degree n. Let us show that these polyno-

d—3
mials are orthogonal with respect to the weight (1 — t2) . For n > m,

/l pr(t) P (t) (1 — t2)§ dt = /_11 P (1) (%)n (1- t2)"+% dt.

-1

Performing integration by parts n times shows that the integral is zero.
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The value p,(1) is calculated as follows:

pa(l) = (1137 (iy (L2 (1= 7

dt

t=1

t=1

where the formula (1.12) for Pochhammer’s symbol ((d —1)/2), is used.
Hence,

Ppa(t) = (=1)"Rn,apn(t),
which is the stated formula. O

In the case d = 3, we recover the Rodrigues representation formula for the
standard Legendre polynomials:

1 [d\"
Pnﬁg(t) = W <E) (t2 — 1)", n e NO.

In the case d = 2, we use the relation

(n+) - ().

derived from a repeated application of (1.6), and obtain

2"n!
2n)!

[N

Poa(t) = (=1)" (1-1%)

d\" 1
(E) (1 — t2)n_§, n e NO.

—~

This formula is not convenient to use. A more familiar form is given by the
Chebyshev polynomial:

P, 2(t) = cos(narccost), te[-1,1].

This result is verified by showing cos(n arccost) is a polynomial of degree
n, has a value 1 at ¢ = 1, and these polynomials satisfy the orthogonality
condition (2.68) with d = 2. See also the derivation leading to (2.29).

In the case d = 4, we can similarly verify the formula

Un(t), te[-1,1],
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where
1
et Py 2(t)

is the nth degree Chebyshev polynomial of the second kind. For —1 < ¢ < 1,
we have the formula

U,(t) =

sin((n 4 1) arccost)
sin(arccost)

U,(t) =

We note that the Legendre polynomial P, 4(t) is proportional to the Jacobi
polynomial P (t) with o = (d — 3)/2. The Jacobi polynomials P (t)
are introduced in Sect.4.3.1.

2.6.2 Integral Representation Formulas

In addition to the Rodrigues representation formula (2.70), there are integral
representation formulas for the Legendre polynomials which are useful in
showing certain properties of the Legendre polynomials.

Let d > 3. For a fixed € Sd_Q, the function & +— (x4 +ix@g_1)n)" is
a homogeneous harmonic polynomial of degree n. Consider its average with
respect to n € S,

1

S Jou (P ¥ 1By )" AT )

Ln(w) =

This function is a homogeneous harmonic of degree n. For A € 0%(ey), we
recall (2.1) and write

Ax = (Alm(d_1)> , A el

Zd
Note that here we view x(4_1) as a vector in S%2. Then

1 . n _
L"(Aw)zm s (za +im(a—1)Afn)" dS?2(n).

With a change of variable ¢ = AT, we have

1

LulAz) =t |,

(;vd +ifB(d71)'C)n ds?=2(¢),

which coincides with L, (x). Moreover, L,(eq) = 1. Thus, L,(x) is the
Legendre harmonic of degree n in dimension d. By the relation (2.21), we
see that
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1
|Sd_2| Sd—2

Pn,d(t) [t +1 (1 - t2>1/2€(d71)'n:| " deiQ(Tl)v te [_17 1]

In this formula, §,_q) € S?72 is arbitrary. In particular, choosing €a-1) =
0,---,0,1)7 in S?2 and applying (1.17), we obtain the first integral
representation formula for the Legendre polynomials.

Theorem 2.24. Forn € Ny and d > 3,

|Sd73| 1 n 4
| {t+i(1—t2)1/2s (1-s3) T ds, te[-1,1]. (2.72)

P,q(t) =

n, () |Sd72| 1

An easy consequence of the representation formula (2.72) is that P, q(t)
has the same parity as the integer n, i.e.,

Pra(=t) = (=1)"Pna(t), —-1<t<1. (2.73)

There is another useful integral representation formula that can be derived
from (2.72). Recall definitions of hyper-trigonometric functions:

xT —X xT —T
X et —e e’ +e
sinhz := — coshz := —

sinh x et —e "
tanh x := =

cosh x er +e "

and differentiation formulas

(sinhz)’ = coshx, (coshz)' =sinhz, (tanhz) = —.
cosh” z

Use the change of variable
s =tanhu, u€R. (2.74)

We have s — 1— as u — 00, s = —14 as u — —oo, and

1

cosh? u

1

ds = -
cosh” u

du, 1—s*= (2.75)

Since P, q(—t) = (=1)"P,.q4(t) by (2.73), it is sufficient to consider the case
t € (0,1] for the second integral representation formula. Write

t + Z (1 _ t2)1/2 — ei@
for a uniquely determined 6 € [0, 7/2). Then ¢ = cos @ and

t+i(1—1t3)Y2s = cosf + itanhusin 6.
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The hyper-trigonometric functions are defined for complex variables and it
can be verified that

cosh(u + i)

cosf +itanhusinf =
coshu

Thus

)

1 L) n .
t+1 1—t2 1/25 1—52 d24d5:/ Cos—du
/_1 [ ( ) ( ) _ oo cosh™td72y

The integrand is a meromorphic function of w with poles at v = im (k+1/2),
k € Z. We then apply the Cauchy integral theorem in complex analysis [2]
to obtain

/°° cosh” (u + i0) p /OO cosh™ u p
—_— 2 du = u.
—eo cosh™ 472y oo cosh" T2 (y — if)

Return back to the variable s, using the relation
cosh(u — i0) = coshu [t —i(1 — )%
together with (2.74) and (2.75),

S (1-s)7

e e P

P,.q(t)

Note that changing s to —s for the integrand leads to another integral
representation formula for P, 4(¢). In summary, the following result holds.

Theorem 2.25. Forn € Ny and d > 3,

_ s (157
IS472 St [t i (1 — 2y /2]

Py a(t) ds, te(0,1]. (2.76)

2.7 Legendre Polynomials: Properties

In this section, we explore properties of the Legendre polynomials by using
the compact presentation formulas given in Sect. 2.6.
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2.7.1 Integrals, Orthogonality

The following result is useful in computing integrals involving the Legendre
polynomials.

Proposition 2.26. If f € C"([-1,1]), then

[ 0 1= = [ g0 - o
—1 -1

where the constant Ry, q is given in (2.71).

Proof. By the Rodrigues representation formula (2.70), the left side of
(2.77) is

Drea [ 50 (L) 02 a
R [ 10 () -8

Performing integration by parts n times on this integral leads to (2.77). O

Recall the formula (2.40) or (2.67),

/1 |Sd71|
[Paa(®)]? (1—1%) e T (2.78)

—1 n,d |Sd 2|
Combining (2.68) and (2.78), we have the orthogonality relation

S
N, 4|87

/ Pra(t) Poa(t) (1 —t7) = S (2.79)

Using (1.18), we can rewrite (2.78) as

[ Pt ()% = YT,

In particular, for d = 3, N,, 3 = 2n+ 1 and

For d =2, N,,» = 2 and
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We can verify this result easily by a direct calculation using the formula

P, 2(t) = cos(narccost).

2.7.2 Dafferential Equation and Distribution of
Roots

First we derive a differential equation satisfied by the Legendre polynomial
P, 4(t). Introduce a second-order differential operator L defined by

3—d d—1

Lag(t):= (1—-t*) = % [(1 —t?) %g(t) , g €C?~1,1].

Also introduce a weighted inner product

d—3

1
()= [ f090) (1-2) T
-1
Then through integration by parts, we have

(Laf,9)a = (f, Lag)a ¥ f.g € C*[-1,1]. (2.80)
Thus, the operator L, is self-adjoint with respect to the weighted inner

product (-, )q4.
Consider the function LyP, 4(t). Since

Lag(t) = (1 =) g"(t) — (d— 1)t g'(t),

we see that if p,(t) is a polynomial of degree n, then so is Lgp,(t). Let
0 <m < n — 1. By the weighted orthogonality relation (2.69), we have

(Pn,d,LaPpm,a)a = 0.
Then by (2.80),
(Podas LaPpna)a=0, 0<m<n-—1.
Thus, the polynomial L;P, 4(t) must be a multiple of P, 4(t). Writing

Ppa(t) = a) 4" +1d.t. (2.81)
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Here 1.d.t. stands for the lower degree terms. We have
LgPpg(t) = —n(n+d—2)a) 4t" + Ld.t.

Hence,
LdPn)d(lf) +n(n+d-2) Pn)d(lf) =0.

So P, g4 is an eigenfunction for the differential operator — L4 corresponding to
the eigenvalue n (n + d — 2). In other words, the Legendre polynomial P, 4(t)
satisfies the differential equation

(1—t2)¥£ (1—t2)% d

= ZPoa(t)| 41 (n+d—2) Poat) = 0, (2.82)

which can also be written as
(L=t>) P} 4(t) = (d = 1)t P 4(t) +n(n+d—2) Py a(t) =0. (2.83)

Next, we present a result regarding distributions of the roots of the
Legendre polynomials. This result plays an important role in the theory of
Gaussian quadratures. From the differential equation (2.83), we deduce that
Py a(t) and P, ;(t) cannot both vanish at any point in (-1, 1); in other words,
P, 4(t) has no multiple roots in (—1,1). Assume P, 4(t) has k distinct roots
t1, -+, tg in the interval (—1,1), and k < n. Then

pr(t) = (t—t1) - (t —tx)

is a polynomial of degree k, px(1) > 0, and P, 4(t) = ¢n—(t) pr(t) with
a polynomial ¢,y of degree n — k. Since the polynomial ¢,,_(t) does not
change sign in (—1,1) and is positive at 1, it is positive in (—1,1). So

! a—-3 1 d—3
/ Pa®)pr(t) (1—17) = dt = / Gn—k () pe(t)? (1 —1%)"7 dt > 0.

-1 -1

However, since k < n, the integral on the left side is zero and this leads to
contradiction. We summarize the result in the form of a proposition.

Proposition 2.27. The Legendre polynomial P, 4(t) has exactly n distinct
roots in (—1,1).

For n even, P, 4(t) is an even function so that its roots can be written
as £y, ..., Tty 0 with 0 < ¢y < --- < t,/5 < 1. For n odd, P, 4(t) is an
odd function so that its roots can be written as 0, &t1, ..., £t(,_1)/2 with
0<ty < -+ <tp-1y2 <L

In the particular case d = 2, it is easy to find the n roots of the equation

P, 2(t) = cos(narccost) =0



2.7 Legendre Polynomials: Properties 45

to be
27 +1
tjzcosM, 0<j3<n—-1.
2n
For n = 2k even, noting that to,_1_; = —t;, we can list the roots as
27 +1
tto, by, -, Etp_y with t; = cos%, 0<j<k—1.

For n = 2k 4 1 odd, noting that t;, = 0 and tor—; = —t;, we can list the
roots as

2j+1)m

0, ttg, £t1, - -+, £tp—1 where t; = cosm

2.7.83 Recursion Formulas

Recursion formulas are useful in computing values of the Legendre polyno-
mials, especially those of a higher degree.

Let us first determine the leading coefficient a’ , of P, 4(t) (see (2.81)).
We start with the equality 7

/ P (1-3)7 dat=al, / 11 Py a(t) (1—12) 7 dt,  (2.84)

1 _

obtained by an application of the orthogonality property (2.69). By (2.78),
the left side of (2.84) equals

S
Nn,d |Sd72| :

Applying Proposition 2.26, we see that the right side of (2.84) equals

1 -3
00 4R ! / (1— )" ar.
-1

To compute the integral, we let s = ¢2:

! n+@ ! 1 d—1
/ (1—)"" 7% at= / s2 11— )"t e s

-1 0
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Hence,
st N(HT(n+ 2L
| d|—2 :0’91 an,dn!—(2) (n a 2 )
Nn,d |S | ’ F(n + 5)

Therefore, the leading coefficient of the Legendre polynomial P, 4(t) is

o 277I0(d — 1) T(n + 452)
" I(4)r(n+d-2)

(2.85)

As an application of the formula (2.85), we note that

ang  2mtd—4
a071,d  n+d-3°

n

So
(n+d—3)Pha(t) — 2n+d—4)t Py_1.4(t)

is a polynomial of degree < n — 1 and is orthogonal to Py 4(t) with respect
to the weighted inner product (-,-)q for 0 < k& < n — 3. Thus, when this
polynomial is expressed as a linear combination of Pj4(t), 0 < j < n —1,
only the two terms involving P,,_2 4(t) and P,,_1 4(¢) remain. In other words,
for two suitable constants ¢; and ca,

(n + d - 3) Pnﬁd(t) - (271 + d - 4)tPn,17d(t) = Clpnflyd(t) + C2Pn72,d(t)-

The constants ¢; and c¢e can be found from the above equality at ¢ = +1,
since Py a(1) =1 and Py 4(—1) = (=1)* (cf. (2.73)):

ci+co=1—n,

ct—co=n—1.

The solution of this system is ¢; = 0, ca = 1 — n. Thus, the Legendre
polynomials satisfy the recursion relation

2n+d—4 n—1
Poat)= = tP, 1 4(t) = ———Pp_04(t), n>2 d>2.
alt) = ———— La(t) = s Pa2a(t),
(2.86)
The initial conditions for the recursion formula (2.86) are
Poa(t)=1, Pi4(t)=t. (2.87)

It is convenient to use the recursion formula (2.86) to derive expressions of
the Legendre polynomials. The following are some examples. Note that in any
dimension d, the first two Legendre polynomials are the same, given by (2.87).
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For d = 2,
Pop(t) = 2% 1,
Pyo(t) =41 -3
Pyo(t) =8t* =812 +1
Pso(t) = 16° — 203 4 51.
For d = 3,
1 2
P2,3(t):§(3t -1),
1 3
P3,3(t):§(5t - 31t),
1
Py3(t) = g(351t4 30t% +3),
1
Pss(t) = g(63155 70t° +15¢).
For d =4,
1 2
Py4(t) = §(4t—1)
Pya(t) =26° 1,
1
Pya(t) = g(16t4 12¢% + 1),
1
Ps 4(t) = 5(16t5 16t° +31) .
For d =5,
1 2
Pys(t) = Z(51t—1)
1 3
Pys(t) = 7 (T¢° = 31),
1
Pys(t) = §(2”4 141° +1),
1
Pss(t) = 5 (33 > —=30t> +5¢t).

Graphs of these Legendre polynomials are found in Figs. 2.1-2.4.
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As another application of the formula (2.85), we derive a formula for
derivatives of the Legendre polynomials in terms of the polynomials
themselves. Note that

a%,d n+d-2
U142 d—1
So
(d=1)P; 4(t) —n(n+d—2)Py_142(t) (2.88)

is a polynomial of degree < n — 2. For k <n — 2,

1
/ P’r/L,d(t)Pk,dJrQ()(l_tz) R dt

-1

:_/ P, ();t{Jﬂ,ﬂlﬂ)()(l—t?)d?1 dt

/ Pra(t) [(1 = %) Pl gy0(t) = (d = 1)t Peara(t)] (1 —t7) E

Since
(1= 1) Pigyo(t) = (d = 1)t Prasa(t)
is a polynomial of degree < n — 1,
1
[ Pt Prasatt) 0= #) e =0, 0<k<n-2

Thus, the polynomial (2.88) is of degree < n — 2 and is orthogonal to all the
polynomials of degree < n — 2 with respect to the weighted inner product
(,")dt+2- Then the polynomial (2.88) must be zero. Summarizing, we have
shown the following relation

-2
alt) = % Py_1at2(t), n>1,d>2. (2.89)

Applying (2.89) recursively, we see that

PI(t) = Cna g Paejaro;(t)

)

where the constant ¢, g ; is

nn-1-(n-(G-1) (n+d=2)(n+d=1)-(n+j+d-3)
(d—1)(d+1)(d+2j—3) '
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The denominator of the above fraction can be rewritten as

o (d—l) _ 2T+ 45
J

2 NG

where (1.12) is applied. Thus,

n!(n+j+d—3)T(%2)
2i(n — ) (n+d—3)IT(j + L)

P,,S{&(t) = Pr—jat2i(t), n>j, d>2.

_ (2.90)
Note that for n < j, PTSJC)I(t) =0.
The formula (2.90) pfovides one way to compute the Legendre polynomials
in higher dimensions d > 4 through differentiating the Legendre polynomials
for d = 3 and d = 2. This is done as follows. First, rewrite (2.90) as

Ppa(t) = (n+ ) (n+d—3)T(%L — ) Ptia—2;(t)- (2.91)

For d = 2k even, take j = k — 1. Then from (2.91),

25=Lnl (n + k — 2)IT(k —
(n+k—1)(n+2k—3)T

2)_plin ().
(

)
Pn,2k:(t) = l) n+k—1,2
2

Applying (1.10), we have

(2k — 2)!'n! Pl ®
2k—1(n+k—1) (k—1)! (n+ 2k — 3)! ~ k1200

Pn,2k (t) -

For d = 2k + 1 odd, take j = k — 1. Then from (2.91),

2k=1p) (k—D!'(n+k-1)! (k—1)

Pz (t) = (n+k—1)! zn + 2k —2)! nerk-1,3(0)
1)!
|

2k71 ( | (k—1)
ENCES TN Prir13(t).

Let us derive some recursion formulas for the computation of the derivative
P}, 4(t). First, we differentiate (2.76) to obtain

(1= %) P, a(t) = —(n+d = 2) [Puy1,a(t) =t Poa(t)]. (2.92)

Since (2.76) is valid for d > 3 and ¢ € (0, 1], the relation (2.92) is proved for
d>3andte (0,1). For d =2, P, 2(t) = cos(nf) with § = arccosd, and it is
easy to verify that both sides of (2.92) are equal to n sin # sin(nf). Then the
relation (2.92) is valid for d > 2 and t € (0, 1). Since P, 4(—t) = (=1)"P,_q(t),
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we know that (2.92) holds for ¢ € (—1,0) as well. Finally, since both sides of
(2.92) are polynomials, we conclude that the relation remains true for ¢t = +1
and 0, i.e.,

(1 —=t*) Py 4(t) = —(n+d —2) [Par1,a(t) —t Poa(t)]
neNy, d>2, tel[-1,1]. (2.93)

Then, from (2.86), we have

t Pmd(lf) [(n +d— 2) Pn_;,_l)d(lf) +n Pn—l,d(t)] .

T om+d—2

Using this equality in (2.93) we obtain another relation

nn+d—2
(1—*) P, 4(t) = ﬁ [Pr—1,a(t) = Pa1,a(t)]
neN, d>2, te[-1,1]. (2.94)

Finally, we differentiate the integral representation formula (2.72),

d-3) 1
_ s

n—1
; 2\1/2
=5 _1n[t+z(1—t )/2s|

Py a(t)

: [1 —it(1 _t2)—1/2s] (1— %) ds.
Then we find out
(1=*) P} 4(t) = n[Pa_1,a(t) =t Poa(t)].

This equality is proved for d > 3. For d = 2, P,, 5(t) = cos(n arccost) and one
can verify directly the equality. So we have the relation

(1—=t) P 4(t) =n[Py_14(t) =t Pog(t)], n>1,d>2, te[-1,1].
(2.95)

2.7.4 Generating Function

Consider the following generating function of the Legendre polynomials

> /n+d-3
¢(T)—Z< ;_3 )Pnyd(t)r", It <1, |r| < 1. (2.96)

n=0

Let us first derive a compact formula for ¢(r).



2.7 Legendre Polynomials: Properties 53

Since | Py, q(t)] < 1 for any n, d and ¢, it is easy to verify that the series
converges absolutely for any r with |r| < 1. We differentiate (2.96) with
respect to r to find

¢'(r) = Zn(n ;f 5 3) Py a(t)r! (2.97)
> n+d—2
=) (n+1) Prira(t)r. (2.98)
S (") P

Using (2.97) and (2.98), we can write

1+ =2rt)¢/(r) =D (n+1) <n ;f ; 2) Poyra(t)r”

n=0

—2t§:n<n+d_3)Pnyd(t) " (2.99)

In the first sum of (2.99), for n > 1, use the following relation from (2.86):

2n+d—2 n

Pral®) = Sy tPnall) =S

Pn_17d(t).
Then after some straightforward algebraic manipulations, we obtain from
(2.99) that

(L4+r*=2rt)¢'(r) = (d—2) (t— 1) ¢(r). (2.100)

The unique solution of the differential equation (2.100) with the initial
condition

#(0) = Ppqa(0) =1
is
_d=2
p(r)=(1+r*—2rt) 2
Therefore, we have the following compact formula for the generating function
of the Legendre polynomials:

= d—3 _d=2
Z("; 5 )Pn7d(t)r":(1+r2—2rt) <, r <1

n=0

(2.101)
In particular, we have, for P, (t) := P, 3(t),

> 1
"P.(t) = .ot <1, Irl < 1. 2.102
;T (t) 052 =202 [t <1, |r| ( )
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The Legendre polynomials P, 3(t) were originally introduced as coefficients
of the expansion (2.102).
For d > 3, we differentiate (2.101) with respect to r for |r| < 1:

Z (n—i— d— 3) Poa(t) ! = d=2)=r) (2.103)
— (14+r2—=2r¢)2
Note that
1 2r (t — 1—r?
L2t !

4
2

N\Q.

(1—1—7“2—27“75)% (1472 —2rt) (1+r2—2rt)

Multiply both sides by (d—2) and apply (2.101) and (2.103). Then we obtain

i(2n—|—d—2)(n§ii;3)Pn,d(t)T‘n _ M.

n=0 (1+T2—2T7§)
This identity can be rewritten as
o) 1_ 2
> Nuar"Palt) = ——————
e (L+72—=2rt)2

and has been proved for d > 3. It can be verified that the identity holds also
for d = 2. Therefore, we have the next result.

Proposition 2.28. (Poisson identity) For d > 2,
1— 2
. <l te[-1,1.  (2.104)
bl

Nn,dTnPn,d )= ———
nz:% ®) (14 r2 —2rt)

Consider the special case d = 2. Then P, 2(t) = cos(narccost). With
t = cos 6, the Poisson identity (2.104) is

1—72

1+2Zr cos(nf) =

n=1

With d = 3, the Poisson identity (2.104) is

= " 1—1r2
2(277,"' 1)T Pnﬁg(t) = m, |7"| < 1, te [—1, 1]
n=0 -

This Poisson identity provides the expansion of the Henyey—Greenstein phase
function (1.2) with respect to the Legendre polynomials.
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We now use (2.101) to derive a few more recursive relations involving the
first order derivative of the Legendre polynomials. Differentiate (2.101) with
respect to ¢,

2 (";fg?)) " = (d—2)r (1+1%—2rt) %

n=0

Differentiate (2.101) with respect to r,

2

Z <n—|—d 3>Pn1d(t)rnl =(d-2)(t—r) (1—|—T2 —2rt) 2.

Combining these two equalities we have

D (A EFURES S (A PR

n=1 n=1

-3

n=2

(n+d 4) L

Thus, for n > 2,

T LV G RV G I

which can be simplified to
(n+d=3)tP, ;(t) —nP, 4 4(t) =n(n+d—3)Pa(t). (2.106)
Differentiate (2.86) with respect to ¢,
(n+d—2) P,y 4(t) = 2n+d—2) [t P, 4(t) + Pra(t)] —nPp_y 4(t).
Add (2.106) and (2.107) to obtain :

(n+d—2)Ppq 4(t) — (n+1)tP, 4(t) = [n® + (d— 1) n+d—2] P, a(t).

—~
[\
—_
o
%)

S~—
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We can use either (2.106) or (2.108) to express a Legendre polynomial in
terms of derivatives of Legendre polynomials:

/ 1 /

1
Pra(t) = — 1P, 4(t) — T d—3 Py 1.4(t), (2.109)
and
n+d—2
P,.q(t) = P! t
1
nt tP) (). (2.110)

24 (d-1)n+d-2
Replace n by (n — 1) in (2.108),
(n+d—3)P, 4(t) —ntP,_, 4(t) =n(n+d—3)P,_14(t).
Then subtract from this relation the identity obtained from (2.106) multiplied

by t,
(1= t*) Py 4(t) = n[Pa-r,alt) =t Poa(t)].

This is the formula (2.95).
From (2.86),

2n+d—2 n+d—2
Pp_14(t) = ————t Py a(t) — ————Pay1.4(l).

n n

We can use this relation in (2.95) to recover (2.93).

2.7.5 Values and Bounds

First, we recall the parity property (2.73),
Poa(—t) = (=1)"Poa(t), —-1<t<1. (2.111)
We know from (2.20) that
Poa(l) =1.
Using the property (2.111), we further have

Ppa(—1) = (-1)™. (2.112)
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This result also follows from the value

nT(n d—1
pn(_l) = %;1)2);

computed with a similar technique used in evaluating p, (1) in the proof of
Theorem 2.23.
We use (2.72) to compute P, 4(0) for d > 3.

|Sd_3| ' n N 2\ 452
Pn’d(O):W _12 s"(1—s%)"7 ds.

For n odd, n = 2k + 1, k € Ny, obviously,

Psi+1,4(0) = 0. (2.113)
For n even, n = 2k, k € Ny,
k |Sd73| ' 2k 2y 44
Poy, q(0) = (—1) W 2 s(1—s%)"2 ds.
0

Use the change of variable t = 52,

d—
RIS
|Sd_2| 0

Par,a(0) = (=1) th=1/2(1 — )T dt.

Therefore,

Pyy.a(0) = (-1 2 2.114
2k,d( ) ( ) |Sd,2| F(k—l—%) ( )
As an example,
(2k — )N
Poy3(0) = (—1)kW
Alternatively, we may use the generating function formula (2.101) to
compute the values. For example, take z = —1 in (2.101):

— (n+d—3 iy —(d-2)
S ("5 Pt = e,

n=0

Apply (2.4) to expand the right side to obtain

3 ("5 Rt - (V5 Y o e

n=0 n=0



58 2 Spherical Harmonics

Hence,
P, a(=1)=(-1)".

We may also apply (2.90) to find derivative values at particular points.
For instance, since

P_ja2i(1) =1,
P jaoi(—=1) = (=1)",

we have for n > j and d > 2,

) nl(n+j+d—3)T(%2)
Pn,d(l) - 27 (TL — ])'(n +d— 3)'F(]i— %),
pO) () — (CUtjd = BIn(

In particular, for d = 3,

(j)( ) = (n+4)!
ST A = )
from which,
/ 1 /! 1
Pa()=gn+1),  PlL)=g@—1nm+1)m+2).

Next we provide some bounds for the Legendre polynomials and their
derivatives. We use (2.72) to bound P, 4(t). For s,t € [-1,1],

ti(l— tz)l/zs) =[2+a-2)2]) P <@+1-)Y2 =1 (2.115)

So for d > 3,

|Sd_3| 1

|Ppa(t)] < (1-s))Tds=1, tel[-1,1].

|Sd_2 1

This bound is valid also for d = 2. Thus,
|Pna(t) <1, mneNy, d>2,te[-1,1]. (2.116)
Instead of (2.115), we can use the bound

t+i(l— t2)1/2s‘ =[1-(1—-)(1-s] V2 o =117 (1=s%)/2
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for s,t € [-1,1]. Then,

S Cn(1-1%) (1-s)/2 2y d-4
|Pn,a(t)] < 77 (1-s*)"7 ds
|Sd73| 1 2 2 d—4
= 2@ €_n (l_t )(1_5 )/2(1 — 82)?(18
0

Let t € (—1,1). Use the change of variable s = 1 — u and the relation u <
1 —s% < 2ufor s €0,1],

7|Sd | n(1—#2) u/2
|Pna(t)] <272 577 Jo e u? du.

For the integral, we apply the formula (1.4),

d—2
0 n (1 — t2) 2

Then,

This inequality is valid also for d = 2. Therefore,

| Pra(t)] <

r'(452) [ 4
VT [n(1—12)

From (2.90), we have bounds for derivatives of P, 4(t) of any order:

.
2
} . neNg, d>2, te(—1,1). (2.117)

nl(n+j+d —3)IT(%52)
2(n —j)i(n+d—3)T( + 4G)

PUY®)| < PUY(1) =

In particular,

max
te[—1,1]

POY®)| = o). (2.118)
As an application of (2.118), we observe that for any ¢,s € [—1,1],

Proa(t) = Pna(s) = Py (1) (t = s)
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for some 7 between t and s. Applying (2.118) with j = 1, we have
|Poa(t) — Poa(s)| < en?lt —s| Vit se€[-1,1]. (2.119)
Hence,

Pra(€€) = Pra(nQ)| <cn?le—m| VEn, (eSS (2.120)

2.8 Completeness

In this section, we show in a constructive way that the spherical harmonics
are complete in C(S?™1) and in L?*(S*™?), i.e., linear combinations of the
spherical harmonics are dense in C'(S*™%) and in L2(S*™1).

2.8.1 Completeness in C(S*™)
Let f € C(SY"!). Formally,

f€) = [ 60 —gm fmyast ). ges’

using a Dirac delta function §(¢) whose value is 0 at ¢ # 0, 400 at t = 0, and
which satisfies formally

/ S(1—¢m)dSitn)=1 vees
gd—1

The idea to demonstrate the completeness of the spherical harmonics in
C(S* 1) is to construct a sequence of kernel functions {k,(t)} such that
kn(&m) approaches 6(1 — &-m) and is such that for each n € N, the function
Jsa—1 kn(€m) f(n) dS9~*(n) is a linear combination of spherical harmonics of
order less than or equal to n. One possibility is to choose k, () proportional
to (1 +¢)™/2™. Thus, we let

1T+t\"
kn(t) - En,d (T) 5

where F), 4 is a scaling constant so that

/ kn(€m)dSii(n) =1 VeEesth (2.121)
§d—1
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To satisfy the condition (2.121), we have

B (n+d—2)!
Epg= ) T L) (2.122)

This formula is derived as follows. First,

. n 1 n us
/Sdil (1 +2£ 77) de_l(n) _ |Sd72|/_1 (%) (1 _t2)Tdt_

Use the change of variable s = (1 +1t)/2,

n 1
[ (FE) astim =2t [ o -9 as
gd—1 2 0

By (1.19),

|Sd_2|7 27T%
L4
Moreover,
1 d d
nt4=3 1— ﬂd - B d—1 d—1 :F(n+T)F(T)
/OS 2 (1—s) 2 ds n—|—2,2 Tntd—1)
Thus

1+£,’7 n B B %I’(n-i-u)
/§,d1< 2 ) ds*(m) = (4m) F(n—f—dil)'

Hence, (2.122) holds.
Now we introduce an operator 1I,, 4 by the following formula

(Tn.af)(€) = B /S (1 +&

1) fndsti . f e oE ),

(2.123)
Let us express (II,, 4f)(€) as a linear combination of spherical harmonics of
order less than or equal to n. For this purpose, we write

141t
En,d( > Zunkd|gd T Py.a(t). (2.124)

To determine the coefficients { i k,a}f_o, multiply both sides by the function

P a(t)(1— t2) , 0 <1 < n, integrate from ¢ = —1 to ¢ = 1 and use the
orthogonality relatlon (2.79) to obtain
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1 n
1+1¢ _
pnt.a = ST En g / (%) Pra(t) (1= %) dt.
-1

Applying Proposition 2.26, we have

1 l n
d\' [1+1 .
s =8 ks [ () () -
-1

1
_ |@d—2 n! n—l 1 ,2\l4+ 453
= S A B aRiagrey [ (0" =B

-1
To compute the integral, we let t =2 s — 1. Then
! n—l j4d=3 I+d 1 d—3 14 d=3
/ A+8)"" (1 =)= dt = 2n+it —2/ " (1 —s) T2 ds
—1 0

_ 2n+l+d72F(” + %) I+ %)
'n+l+d-1)

Hence, using the formulas (1.19), (2.71), and (2.122), we have

B nl(n+d—2)!
Fndd = o M+ L+ d—2)°

It is easy to see that p, 14 < fn+1,1,d and ppg.q — 1 as n — o0o. From the
expansion (2.124), we get, by making use of the projection operator P, 4
defined in Definition 2.11,

(M af)(€) = fina(Praf)(€)- (2.125)
k=0

In other words, 1I,, 4 f is a linear combination of spherical harmonics of order
less than or equal to n.
To prove the completeness, we note the following property.

Lemma 2.29. Ift € [-1,1), then

lim E, 4 (ﬂ> = 0.

n—00 2

Proof. By Stirling’s formula (1.11),

D(z) ~ V2r 2" Y27 for 2 — oco.
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Then,
ni
En,d ~ —
(4m) =
and the statement holds. a
Now we state and prove a completeness result.

Theorem 2.30.

lm |[yaf — flloge-1y =0 YfeCS*h). (2.126)

n—oo

Proof. Use the modulus of continuity
w(f;0) =sup{|f(€) — f(m)] : &meST [€—n[ <3}, 6>0,
and recall that since f € C(S%™1),
w(f;6) =0 asd—0.

Denote
M = sup{| f(&) = f(n)] : &, m € ST} < o0,

Let £ € S7! be arbitrary but fixed. Using (2.121), we have

(Mnaf)&) = F8) = B /Sdfl (1 +2€-n) [f () = f(&)]dS* (n)
=1(&) +12(8),
where
= Lt _ d—1
11(6)—En,d/{nesd1:£_n|§6}< 5 > [f(n) — £(€)] dS**(n),

I(€) = En,d/

{nesd=1:|g—n|>5}

We bound each term as follows:

MO w0 B [ (FET) ast i) = wlsio)

S

2 n
) <M Bl (1-5)
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In bounding I5(&), we used the relation
2

E—nl>é = &n<l-+

for &, € S**. Thus, for any ¢ € (0,1), applying Lemma 2.29, we have
limsup [[IL, af — fllc(se-1) < w(f;0).
n—oo

Note that w(f;d) — 0 as & — 0. So the stated result holds. O
Using the formula (2.125), we can restate Theorem 2.30 as follows.

Theorem 2.31. For any f € C(S%71),
IRT . . d—1
1€ = nll»rréogou"’k’d(?k’df)@) uniformly in & € S“7-.

If Ppaf =0 for all n € Ny, then f =0.

Theorem 2.31 combined with Theorem 2.14 implies that {YZ :n €Ny} is
the only system of primitive spaces in C' (Sd_l) since any primitive space not
identical with one of Y‘i, n € Ny, is orthogonal to all and is therefore trivial.

2.8.2 Completeness in C(S*') via the Poisson
Identity

We now use the Poisson identity (2.104) to give another constructive proof
of the completeness of the spherical harmonics. First we introduce a lemma.

Lemma 2.32. The function

|Sd_2| 1—172
Ga(r,t) == —5— -, Jrl <1, te[-1,1] (2.127)
S 7] (1472 —2rt)2
18 positive and has the properties:
1 d—3
/ Ga(ryt) (1 —t*) =2 dt =1, (2.128)
-1

lim Gg(r,t) = 0 uniformly for ¢ € [—1, o]

r—1—

with any fixed tg € (—1,1). (2.129)
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Proof. For (2.128),

1 a-s Sd 2|
/_1Gd(7°,7§) (1—t2) 2 dt = Sd T / ZNndT‘ Pnd( )(1—t2) dt

|Sd_2| ! 2y 4538
=2 1 a-&)7d
|Sd_l| _1( )
=1.
For (2.129), note the bound
1—r? 1—r? 1—7?
a = T = d
1+7r2=2rt)2 [1—r)2+2r(1—1)]2  [2r(1 —to)]2
which is valid for t € [—1,tg]. O

Define an operator Gq(r) by
(Galr) ))& = sy [ Gt &) f) a5 )

Note that for |r| < 1,

(Ga)1)E) = gz, 3 ZNn i [ Puaten) fn) s ),
(Ga(r))(&) = > r"(Puaf)(&). (2:130)
n=0

Thus, G4(r)f is the limit of a sequence of finite linear combinations of the
spherical harmonics.

Theorem 2.33 (Completeness).
dim [Ga(n)f ~ fllo@en =0 VFECE. (231

Proof. The proof is similar to that of Theorem 2.30. Using (2.128),

(Ga(r)f)(&) — f(§) = Ga(r, &) [f(n) — F(€)dS™ (n)

§d—1

=L(§) + 12(8),
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1 (€) = / Gu(r,€m) [f(n) — F(€)]dS™ (n),
[€—n|>6

Io(€) = / Galr,€m) [f(n) — F(€)]dS™ ().
[E—n|<d

For any 6 > 0, by (2.129),

II:(€)| — 0 uniformly as r — 1 —.

Also,
12(8)] < w(f;9).
So
limsup [Ga(r)f = fllege-n < w(f39)
r—1—
and (2.131) follows. O

2.8.3 Convergence of Fourier—Laplace Series

We now consider convergence in average and uniform convergence of the
Fourier—Laplace series. For a given function f, the series

Z Pr.af
k=0

is called the Fourier-Laplace series of the function f. Recall Definition 2.11
for the projection Py qf.
First, we present a result for convergence in average.

Theorem 2.34. We have the convergence in average of the Fourier—Laplace
series:

= L2(S4 1. 2.132
e 0 VfelL (S") (2.132)

n—oo

tim (|7 = 3 Pras]
k=0
Proof. Note that the operator Py q is self-adjoint:

(f, Prag) = (Peaf,g) ¥ f.geL*S").

Also, (Pk,q)? = Pg,q. Therefore,

(fs Praf) = (f; (Pra)*f) = (Pr.afs Praf) = |Prafl72a-1)
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and
(Pr,af, Pr,af) = OknlPr,af 72 (a1

Apply the above two equalities to obtain

|7 =S Prar]
k=0

Hence,

2 2 - 2
poiry = F 0oty = o IPraf oy (2133)
k=0

Z ||7Dk,df||%2(sd71) < ”fHQL?(Sd*l) Vn € No.
k=0

Then,
i 1Prafl7a@a-ry S Il Ta@ary ¥V f LS. (2.134)
k=0
First we assume f € C(S%™!). From the formula (2.130),
19,1 ity = 3 M Peaf ey (2135)
k=0

By Theorem 2.33, Gq(r)f converges uniformly to f on S*~! as r — 1—. Take
the limit » — 1— in (2.135) to obtain

”fHQL?(Sd*l) = Z ||7>k,df||%2(sd71)- (2.136)
k=0

Then by (2.133) we obtain (2.132) for f € C(S?™1).

Extension of the result from a C'(S?~*) function to an L?(S*~!) function is
achieved by using the density of C'(S?™1) in L2(S?"!), by noticing that since
spherical harmonics of different order are orthogonal,

n 2 n
_ 2
|2 Peat] sy = 1P ey
k=0 k=0
and by applying the bound (2.134). O

Then we turn to a study of uniform convergence of the Fourier—Laplace
series.

Define S,, : C(S*™1) = C(S*™!) to be the linear operator given by the
partial sum of the spherical harmonic expansion
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(Praf)(&), feC(S™). (2.137)

NE

Snf(€) =

>
Il

0

Denote by ||S,|| the norm of the operator. To answer the question when do
the partial sums {S,,f} converge uniformly to f, an important tool is the
following result, due to Lebesgue.

Theorem 2.35. For f € C(S*™1),

”f - Snf”C(Sd*l) < (1 + HSHH)EH,OO(f)v (2138)

where
Bnoo(f) i= nf {IIf = pulloery  pn € Vi, } (2.139)

and

Vi, = DY
§=0

Proof. Note that
Thus,
f=8uf=(f—pn)=Su(f —pn) Ypn€ Yg:n'

Apply the C’(Sd_l)—norm,
If = Snflloge—1y) < L+ Sull) If = pulloa—1)-

Then take the infimum with respect to p, over the subspace ng to get
(2.138). O

The operator norm [|S,]| is called the “Lebesgue constant”. In [94], it is
shown that
|Sull = O(n@272), >3,

Based on this bound, the next result regarding the uniform convergence of
the Fourier-Laplace series can be proved.

Theorem 2.36. Let d > 3 and [ € C’“O‘(Sd_l) for some k > 0 and a €
(0,1]. Assume k+a > d/2—1. Then S, f converges uniformly to f over S¢=1.

The spaces C* (Sd_l) and Ok (Sd_l) can be defined in a variety of ways,
some of which are discussed in Sects. 4.2.1 and 4.2.2. We say f € CF® (Sd_l) if
all of its k*"-order derivatives are Holder continuous with exponent a € (0, 1].
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This theorem is proven in [94], based on results from [93] and [54]. Results
from these papers are discussed in greater detail in Sect. 4.2 for the special
case of S2.

In the case d = 2, the Fourier-Laplace series reduces to the ordinary
Fourier series. The Lebesgue constant is [123, Chap. 2, p. 67]

4
ISnll = = Inn + O(1).

The following uniform convergence result on the Fourier series holds (see,
e.g., [13, Sect. 3.7]).

Theorem 2.37. Let f : R — R be a periodic function, with 2w being an
integer multiple of its period. If f € C**(R) with k € Ny and o € (0, 1], then
for the nt" order partial sum S, f of the Fourier series of the function f,

In(n + 2)
Ilf = Snfllcp,2r < ¢ Fra

In particular, this implies the uniform convergence of the Fourier series of
the function f.

2.8.4 Completeness in L?(S*)

Theorem 2.34 implies the completeness of spherical harmonics in L2(§d71),
i.e., the subspace of linear combinations of spherical harmonics is dense in

L2(S%7h).

An alternative way to show the completeness of spherical harmonics in
L2(S*71) is through using the operator II, ¢ defined in (2.123). First, we
show the operator II,, 4 is bounded as a mapping from L2(S?"!) to L2(S*™1):

1T af 2y < [ fllzagesy ¥ F € L2, (2.140)

This is proved as follows:

R T >nf(77) dsd—%n)rdsd-l(s)
L.

Lm0 et

/S <1+f"> |f(m)[2dS*™ (n )] ds=(€).
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Apply (2.121),

ML af 172 g1y < /Sd,1 Ena [/Sdl (1 +2£-77> |f(77)|2d5d1(77)] dS4=1(¢)

= [ [ [ (FER) ast )] as

Apply (2.121) again to obtain

M, afl1Z2ga-1) < IFlI72@a-1),
i.e., (2.140) holds.

Let f € L?(S%™1). For any € > 0, by the density of C(S*™!) in L*(S*™1),
we can find a function f. € C(S*™!) such that

I f = fellL2ga—1y <

Wl M

Choose n sufficiently large so that, following Theorem 2.30,

Wl M

||Hn,dfa - faHL?(Sd*l) <
Then,

”Hn,df - f||L2(Sd*1) < ”Hn,d(f - fs)HL?(Sd*l) + HHn,dfs - fs||L2(Sd*1)
+If = fellpasa-1y
<2 ”f - fs”L?(Sd*l) + ”Hn,dfs - szL?(Sd*l)

<e.

Thus, the spherical harmonics are dense in L2(S*™1).
Since spherical harmonics of different orders are orthogonal, we can also
deduce the next result.

Theorem 2.38. We have the orthogonal decomposition
Sd 1 @Yd

Thus, any function f € L2(S*™!) can be uniquely represented as

an in L2(S*7Y), f. e Y%, n>o0. (2.141)
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We call f, € YZ the m-spherical harmonic component of f and have the
following formula

ful€) = / f(0) Paa(€m)dS(m), n>0.  (2.142)

ISd T

This formula is derived from (2.141) as follows. Replace € by ) in (2.141), mul-
tiply both sides by P, 4(¢-n) and integrate with respect to n € S*~* to obtain

o) Paten)as=m) = | 1_ij Poal€n) ds*="(n)

Sgd—1

—Z/ £5(1) Pra(€m) dS* ().

By the orthogonality of spherical harmonics of different orders,

i) Paa(§m)dST i m) =0 Vj#n.

Moreover, by (2.33),

d—1
[ natm Pustemas®o = S 1.0
Hence, .
-1
Fm) Poamdstm) = B L5 ()

§d—1 Nn,d

and the formula (2.142) is proved. Notice that f,,(&) = (Ppn.af)(€) with the
projection operator P, q defined in (2.44).

As a consequence of (2.141), we have the Parseval equality on L2(S*™!):

1117201y = Z I fallZ2ga-1y V€ L*(8"), (2.143)

where f,, is given by (2.142). This equality extends (2.136) from C(S*™1)
functions to L?(S?!) functions.

2.9 The Gegenbauer Polynomials

The Gegenbauer polynomials are useful in generalizing the expansion
(2.102). Recall the integral representation formula (2.72) for the Legendre
polynomials.
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Definition 2.39. For v > 0, n € Ny,

Chu(t) = <n+ ZV - 1>I:/(TZ—IJ‘F(V%))/11 [t+i(1 —2)126]" (1 = 2y lds
(2.144)

is called the Gegenbauer polynomial of degree n with index v.

Note that for an arbitrary number a, the binomial coefficient

(a) afa—1)--(a—(n—1))

N = p , neN.

Why C,, . (t) is a polynomial of degree n? First,
[t—i—i(l - t?)l/%} = (’,‘)tnﬂ‘u — )i (is)l.
— \J
7=0
For j = 2k + 1 odd, the integral of the corresponding term is
1
/ sZHL(1 — %)Y~ lds = 0.
-1

So C,,,,(t) is real valued and

(n+2v-1 F(y+%)["/2] N\ ook vkeq 20k
o (Y )

1

/ S2k(1 _ S2)v71d8

-1

is a polynomial of degree < n. The coeflicient of t" in C), ,(t) is

[n/2] 1
n+2v-N\T+3) n ok np_1
—_— 1—s%)"""d 0.
( n )ﬁF(u) kzzo 2k /_1‘9 (=) ds >
Hence, C), ,(t) is a polynomial of degree n.

Observe that, recalling the formula (2.72),

C @(t)z

n,2

(n—i—d—?)

n

)Pmd(t), d>3. (2.145)

Proposition 2.40. (Gegenbauer identity)

= 1
"c )= — 1, te[-1,1]. 2.146
ngor ) () (1+T2 —2Tt)y |T| < e[ ] ( )
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Proof. First we calculate Cy, ., (1):

(1) = <n + iu - 1) 1\‘/(;_;(5)) /_11(1 — ) s,

Let t = s2. Then,

Crn(1) = (" 2= 1) Lw+s) /01 31— ).

n VrT(v)
Since L (l)I‘( )
/0 t*E(l t)”f dt = (V+ %) ,
we have
Crn(1) = (" + 2: N 1). (2.147)

From the power series (2.4),

i nt2w-1\ ,_ 1 L <1
n (1 —2)2’ '

n=0

For |r| <1 and |t| <1,

e N B (v + %) 1 (1- Sz)u—l
D r"Chu(t) = NGYO) /71 [1—rt—ir(1—t2)1/25]2vd5' (2.148)

n=0

Write .
1—rt—ir(1—t)Y2 = (142 —2rt)1 /27

for some o € [0, %) Use the substitution (2.74), recall the relations (2.75),
and note that
L—rt—ir(1—t)Y2s = (1 +1% — 2rt)"/? (cosa — i tanh u sin )

(142 — )2 cosh(u — i) -
coshu

So from (2.148), we have

o T+ 1 * !
D Conlt) = ) oy | e

n=0

Since the poles of the function (coshu)™2" are u = i (k+ 1/2), k € Z, and
since 0 < « < 7/2, we can apply the Cauchy integral theorem in complex
analysis to get
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e 1 o 1
/ — = / — . du
—oo COSh™ (u — i) —oo cosh™ u

which is a constant. Thus, for some constant c,

> c
"Coy(t) = ——mm———.
ngor w(#) (L+ 72 =2rt)”

Let t = 1 and use the value (2.147):

n=0

So the constant ¢ = 1. O

Obviously, (2.102) is a special case of (2.146) by taking v = 1/2.

2.10 The Associated Legendre Functions

We have seen that the Legendre polynomials play an important role in the
study of spherical harmonics. In an increasing order of complexity, we next
introduce associated Legendre functions which are useful in constructing
spherical harmonics from those in a lower dimension.

2.10.1 Definition and Representation Formulas

Recall the first integral representation formula (2.72) for the Legendre
polynomials. We then introduce the following definition.

Definition 2.41. For d > 3 and n,j € Ny,

|Sd_3| e : an1/2.]" 9\ d=4
Pn,d,j(t):Wz 3/ [t—i—z(l—t) s| Pja-1(s)(1—s%)= ds,

-1

te[-1,1]. (2.149)

is called the associated Legendre function of degree n with order j in
dimension d.

When j = 0, P,.a0(t) = Pna(t) is the Legendre polynomial of degree
n in d-dimensions. The factor i/ is included in (2.149) to make P, 4 ;(t)
real-valued. To see this, note that
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[t+i(1 2)1/2 } i( )t" F(1—12)k/2ik gk,

k=0

Thus,

_ ST . i 1 ds
P, q;(t) |Sd 7 Z tnk( )k/%k J B skPj)d_l(s) (1—s%) "2 ds.

By the parity property (2.111) for the Legendre polynomials, when |k — j| is
odd, s*P; 4_1(s) is an odd function and then

1
/ sFPj g 1(s) (1 — 82)#(18 =0.

-1

Consequently, P, 4 ;(t) is real-valued.

The associated Legendre functions can be used to generate orthonormal
systems of spherical harmonics on Sd_l; see Sect. 2.11.

Applying Proposition 2.26, we have

[Sas{ (
IS*2| (n — j)!

1 n—j S d—
/ [t+z‘(1—t2)1/2s J(1—s2)ﬂ+dT4ds,

-1

P.a.; (ﬁ) =Rja-1 1— tz)%

where by (2.71),
r

Rig
YT

oL~

Since

/1 {t—i— (1 - 12)1/? nd (1 2)j+ﬂd T (j + ) P (1)
i(l1— s —s Tds=———2"P,_jatoj
-1 I(j+ 44 ra

by an application of the integral representation formula (2.72), we have thus
shown the following result.

Proposition 2.42. Ford>3 and 0 < j <mn,

Prai(t) = (1-1t%)% n—jdi2i(t), te[-1,1].

In some references, the associated Legendre functions are also called the
associated Legendre polynomials. From Proposition 2.42; it is evident that
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the associated Legendre function P, g ;(t) is a polynomial in ¢ if and only if
j is even.
Combining Theorem 2.23 and Proposition 2.42, we obtain the formula

n— JTL d_ Gd—j n—j s
Poa;(t) = G () (1—t)"= <£> (1—)"t ="

3 0 + BT) at

ford > 3,0 < j <nandt € [—1,1]. For the particular case d = 3, with
0<j<nandtel[-1,1],

P i(t) = %(1—#)—% (%) . (1— 2" (2.150)

Furthermore, by the formula (2.90), we obtain the next result.

Proposition 2.43. Ford >3 and 0 < j <n,

(n+d—3)!

TR 1 —2):PY), te[-1,1).
(n+j+d—3)!( )*Pralt), tel-1.1]

Ppa;(t) =

Thus, the associated Legendre functions can be computed through differ-
entiating the Legendre polynomials.
Combining Theorem 2.23 and Proposition 2.43, we obtain the formula

(-1)"(n+d— 3)'F(d’1)
2(n+j+d—3)T(n

Y
: (%)J {(1 — )% (%)n (1— t2)n+d23]

ford >3, 0<j<nandt e [-1,1]. For d = 3, with 0 < j5 < n and
€[-1,1],

Ppa;(t) =

ol

Poas(t)= U g2y

n+j
ORI <%> (1 —t3)". (2.151)

From (2.150) and (2.151), we obtain an identity

n+j n N| n—j
-y () a-er = et (L) aser osisn

For d = 2, we use the formulas given in Proposition 2.42 or Proposition 2.43
to define P, 2 ;(t) for 0 < j <mn.
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2.10.2 Properties

First we present an addition theorem for the associated Legendre functions.
n

The function [t +i(1-— t2)1/2s] is a polynomial of degree n in the variable s.

Consider the expansion

n

{t—i—i(l 1/2} ch Pjaq-1(s)

j=0

and let us determine ¢;(t). By Definition 2.41, for 0 < k < n,
|Sd73| —k - ! 2) 42
Puar(t) = i "> " ei(t) | Pra-1(s) Pa—1(s) (1 —5*) 7 ds.

Using (2.79), we have

1

Pran®) =gy

Ck (t)
So

cr(t) = i*Ny.g_1Pnax(t)
and then we can write the expansion as

n

t+i(1— t2)1/2s} =3 N a1 Paa () Prai(s). (2.152)
=0

Temporarily assume m > n > 0. We use the identity (2.152) to obtain

|Sd73| ] 21/2 m-+n gy d=4
Pryna(t) = W [t+z(1—t ) s} (1—s%) 72 ds
|Sd73| 1 m " )
=5 [t +i(1- t2)1/zs} > 7 Nja-1Pua;(t)
—1 =0

- Pja_1(s) (1 - 82)%;4(18

|Sd_3| ' ; 2\1/2
|Sd 2|Zzde 1Pn,a,5(t) l[t—l—z(l—t) s

- Pja_1(s) (1 - 82)%;4ds

= (=1 Nja-1Pm,a,j(t) Paa;(b),
=0
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recalling the defining relation (2.149). Thus,
min{m,n} ‘
Prinat) =Y (=1Nja-1Ppa;({t)Poa;(t), mneNg. (2.153)
j=0
This is an addition theorem for the associated Legendre functions.
For the case d = 2, P, 2(t) = cos(narccost). With the new variable § =

arccost, we have P, 3(cos) = cos(nf). Also, in this case, N, 1 is given by
(2.11). By Proposition 2.43,

Pnoj(t) = % (1— t2)% <%) cos(n arccost). (2.154)

In particular, with j = 1, we obtain from (2.154) that
P, 21(t) = sin(n arccost).
The addition theorem formula (2.153) with d = 2

min{m,n}
Prina(t) = > (1) Nj1Puma;(t)Pa2;(t)
j=0
takes the following familiar form, with 6 = arccost,

cos((m + n)0) = cos(mb) cos(nd) — sin(m@) sin(nd), m,n € No.

Next, we derive a differential equation for P, 4 ;(t). Differentiate (2.83) j
times,

(%) [(1-1¢%) P yt) = (d—1)t Py 4(t) +n(n+d—2)Pqt)] =0.

Since
d\’ 2\ 2\ p(i+2) - ()
T (A=) Py ()] = (A=) P77 (8) =25t P/ (t)
—j (G~ 1) P,

d\’ ; G
() [Pt = 220+ 20
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we get
(1= ) PP (1) = (2) +d = 1)t YTV (0)
+ln(n+d—2)—j(j+d—2)]PY)t) =0. (2.155)
By Proposition 2.43,

(n+j+d—3)!

Pra(t) = coll =) Poag(t), e = = =iy

Then,

PUF () = co(1 = )72 (1 = 2) Pl ;(1) + 25t P ;1)

+7(G+2)1 =) =+ 1)) Paa(t)].

Substitute these expressions in (2.155) and rearrange the terms to get the
differential equation

(L=t P} () = (d=1)t P} 4(t)

iG+d-3)

+n(n+d—-2)— TP

Poa;(t) =0. (2.156)

Taking j = 0 in (2.156), we recover the differential equation (2.83) for the
Legendre polynomials P, 4(t) = Py, a,0(t)-

We now use the differential equation (2.156) to prove the following
orthogonality property.

Proposition 2.44.

1
/ Prai(t) Poa;(t) (1=t dt =0, m#n. (2.157)
-1

Proof. We rewrite (2.156) in the form

(1- tQ)*%% {(1 —eystd mdu'(t)]
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From this equation, we deduce that

d 2y 41 d d
Pm,d,] (t) E |:(1 -1 ) Epn,dd (t)] - Pn,d,] (t) E
{(1 - t?)"zl%Pm,d,j(t)] +(m—n)(m+n+d—2)

d—
P j(t) Pna,;(t) (1 — L‘2)T3 —0.

Integrate this equation for ¢t € [—1,1] to get
1 d—3
(m=n) ot ntd=2) [ Poaslt) Paas(t) (1= £)'F dt =0,
—1

Thus, (2.157) holds. O

Various recursion formulas for the associated Legendre functions exist;
see [49, Sect. 3.12] in the case d = 3. The recursion formulas are useful for
pointwise evaluation of the functions.

2.10.3 Normalized Associated Legendre Functions

In explicit calculations involving the associated Legendre functions, usually
it is more convenient to use the normalized ones. From the formula given in
Proposition 2.42,

-1

1 n: -1
/[mimmﬂ—*ffﬁ‘[‘ TF?it%

Use (2.79) for the integral,

1 d+2j5—1
-3 IS |
P jarai ()] (1 — 2y 7 dt = —
/_1[ J,d+ J( )] ( ) Nn—j,d+2j|Sd+2J72|

Then

1 ) ) % B 2d—2(n!)2r(%)2
[1[P”vd=j(t)] )l = T = = i dJ =31
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Thus, we define normalized associated Legendre functions

N

Pyt = 224 2>2<22—n1!'>r!((;;)d +7-3)]

and-,j(t)v
te[-1,1]. (2.158)

We can also write, with the help of Proposition 2.43,

~ ntd—3)[2n+d—2)(n—j)* i G
Fra ) = (nE(%)) [éd—2+(n+ d)+(j - é” (1= BERL0)
te[-1,1]. (2.159)

These functions are normalized:

/1 [Pn,d,j(t)r (1—)%"dt = 1.

Moreover, note that P, 4 ,(t) is proportional to P, 4 ;(t). Hence, these func-
tions are orthonormal:

1
/ Py (8) Py (1) (1 — £2) 52t = 5. (2.160)

-1

In the case d = 3,

77/7

n+4 n—'.% i (i
P (0 :{%(g)'jw (1= %2 P5(0). (2.161)

In the case j = 0, ]E’nyd?o(t) is proportional to the Legendre polynomial P, 4(t),

1 [@n+d—2)(n+d—3)3%
:F(%) [( u 2dz2(n!+ )] Pn,d(t)'

P, q.0(t)

2.11 Generating Orthonormalized Bases for
Spherical Harmonic Spaces

We now discuss a procedure to generate an orthonormal basis in YZ from
orthonormal bases in (d — 1) dimensions, by making use of the associated
Legendre functions introduced in Sect. 2.10.
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Let d > 3. Consider a vector ¢ = (4 € C? of the form Cay =€d +

i(nT,O)T with n € S%2 A simple calculation shows ¢ - ¢ = 0 and
hence Agz(¢-x)" = 0. So the function & — ({-x)" = (zq + iz@_1)N)" is
homogeneous and harmonic. Then

i _ . B
)= g [ (ki) Y () 4" )

is a homogeneous harmonic polynomial of degree n, i.e., it is an element of
Y, (RY). Use the polar coordinates (1.15),

x=|x|¢, E=tea+V1—12&u 1), |t<1, £y ST,

noting that §_;) denotes a d-dimensional vector ({i,--- ,€a-1,0)T. The
restriction of the function f(z) to S ! is

5O = g [, (i 0= )y ) Vi sl a5

Applying the Funk-Hecke formula (Theorem 2.22), we have

0= kY ) a5 ) = XY ()

where

J

1
)\:|Sd’3|/ Praca(s) (t+i (1= 2)ks) (1) a,
1

Thus,
(&) = Pna;(t)Yia-1(&a-1)

is a spherical harmonic of order n in dimension d. So we have shown the
following result.

Proposition 2.45. If Y41 € Y?il, then Py a,;(1)Yja-1(§q-1)) € Y in
polar coordinates (1.15).

This result allows us to construct a basis for Y% in d dimensions in terms
of bases in Y3 ',..., Y9! in (d — 1) dimensions. In the following we use the
normalized associated functions P, 4.; since most formulas will then have a
simpler form.

Definition 2.46. For d > 3 and m < n, define an operator

d—1 d
Prm Y, — Y,
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by the formula

(ﬁn,mym,dfl)(é) - Pn,d,m(t)ym,dfl(g(dfl)); Ym,dfl S Y;in_l-

Then define Yfllﬁm = 75n7m(Y’fn_1), called the associated space of order
m in YZ.

The spherical harmonic space YZ can be decomposed as an orthogonal
sum of the associated spaces Yz)m, 0<m<n.

Theorem 2.47. Ford >3 andn >0,

Yi=Yi, @ --®Y!,. (2.162)

Proof. First we show that the subspaces on the right side of (2.162) are
pairwise orthogonal. Let 0 < k,m < n with k # m. For any Y, 41 € Yz_l
and any Y, -1 € anfl,
(PreYi,d—1, Prom Ym,d—1) 12 (sd-1)
b ~ 2y 4=3
= (Yi,a-1, Ym,d—l)LQ(Sd*Q) Pn,d,k(t) Pn,d7m(t) (1—t*)"= dt
—1
=0
using the orthogonality (2.160). Thus, Yfllﬁk L Yfllﬁm for k # m.
For each m, 0 <m <mn, Yz)m is a subspace of YZ and so

YeOoYio@®---@YS,,. (2.163)
Since the mapping ’ﬁn,m : Yfl,:l — Yflhm is a bijection,
dimY? = dim Y& " = Npgo1.
Hence, recalling the identity (2.14),

zn: dimY{ ,, = Zn: Npd—1=Nyq=dimY?
m=0

m=0

In other words, the two sides of equality (2.162) are finite-dimensional spaces
of equal dimension. Then the equality (2.162) holds in view of the relation
(2.163). O

From Theorem 2.47 and its proof, we see that if

{Yina-1;:1<j<Npa1}
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is an orthonormal basis for Yzl_l, 0 <m < n, then
{Poam®Yma-15€a-1) i 1<) < Npar, 0Sm<n}  (2164)

is an orthonormal basis for YZ.

Ezxample 2.48. An orthonormal basis for Yi is presented in Sect. 2.2. Let us
apply the above result and use the orthonormal basis for Yi to construct an
orthonormal basis for Y2. We use the relation

Ea =tes+ V1t <£E)2>> :

where ¢ = cosf for 0 < 6 <, £5) = (cos ¢,sing)” for 0 < ¢ < 27. In the
notation of the above discussion,

1 1.
{Ym,z,l(ﬁ(z)) =7 cos(m), Yin2.2(€)) = N Sln(m¢)}
is an orthonormal basis for Y2 . Recall the formula (2.161),

. [<n+%><n—m>l .

Paam(®) = | == 25| (=2 ERR0).

Here P,g? (t) denotes the m!" derivative of the function P, 3(t). Then, an

orthonormal basis for Yi is given by the functions

[SIEY

2n+1) (n —m)!
| ]

; m p(m)
2 T (TL + m)l (SlIl 9) Pn,B (COS 9) COS(mgf)), 0 S m S n,

[N

(sin0)" P\ (cos 0) sin(mg), 1<m <n.

[@n+1ﬂn—mﬁ]

27 (n+m)!

The basis is usually also written as

-l 2n+1n—m!%. m p(m im
(=1)mt] |>/2[( M(n)i'm")! |)] (sin 0)" P2 (cos ) e,

—n<m<n.

This latter form is more convenient to use in some calculations. O
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We now use the orthonormal system (2.164) to express the addition
theorem. Set

Ey=tea+ (1—1)2¢, ), -1<t<1,
N =sea+ (1 52)%77@1—1), -1<s<1.

Then the identity (2.24)

is rewritten as

Np.a 1
W Poa(st+(1—s*)2(1—1%)2 S(d—l)'n(d—l))

ndl

= Z pn,d,m( ~n d, m Z Ym k: (d—1) Ym,k:(’r](d—l))
m=0

n

Nm,dfl = 7
= . = Pr,a,m(8)Prd,m(t) Pma—1(§a—1)M(a—1))s

where in the last step, the identity (2.24) is applied again. Denote u =
€(4-1)M(4—1)- Then for d > 3 and s,t,u € [-1,1],

Z Nm,dflpn,d,m(S)pn,d,m(t)Pm,dfl(u)

m=0

Nn Sd_2 1 1
= ﬁpnd(swu_s )2 (1 —t2)%u). (2.165)

Another identity can be derived from (2.165) as follows. Multiply both
sides of (2.165) by Py g—1(u) (1 —u ) , 0 < k < n, integrate with respect

to u from —1 to 1, and use the orthogonahty relation (2.79) for the Legendre
polynomials,

Sd 1|/ P,a(st+(1—s )%(1—t2)% )Pog—1(u )(1—u)d2;4du

|Sd g Pr,a.1(5) P ai(t),
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i.e.,

1
/ Poa(st+u(l—s2)2(1—2)3) Py (u) (1 —u?) = du
-1

2 - -

(d—2)N, dPn>d7k(5)Pn,d,k(t)- (2.166)

In particular, taking k¥ = 0 in (2.166) and noting that
-2\
~ Ny a|S“™
Prao(t) = (ﬁ) P, q(t),

we arrive at an identity for the Legendre polynomials,

/_ 11 Paalst+ (1 )} (1 - @) k)1 — ) T du = 5P, y(5)Palt)

(2.167)
for d > 3.



Chapter 3
Differentiation and Integration
over the Sphere

In this chapter, we discuss some properties and formulas for differentiation
and integration involving spherical harmonics. In Sect. 3.1, we derive rep-
resentation formulas for the Laplace—Beltrami operator, which is defined
to be the restriction of the Laplace operator on the unit sphere. In
Sect. 3.2, a concrete formula is shown for the Laplace—Beltrami operator
through coordinates and derivatives with respect to the coordinates of the
x variable in R%. It turns out that spherical harmonics are eigenfunctions
of the Laplace-Beltrami operator, and this property provides convenience
in some calculations involving spherical harmonics; this is the content of
Sect. 3.3. Section 3.4 discusses some integration formulas over the unit sphere.
In Sect. 3.5, we present some differentiation formulas that are related to
the spherical harmonics. Section 3.6 is devoted to some integral identities
for spherical harmonics and the section begins with a review of some basic
properties of harmonic functions for a general dimension d > 3. In Sect. 3.7,
we show the derivation of some integral identities through a straightforward
application of the Funk—Hecke formula. In Sect. 3.8, we introduce Sobolev
spaces over the unit sphere through expansions in terms of an orthonormal
basis of spherical harmonics. It is possible to study Sobolev spaces over
regions of the unit sphere as well as polynomial or spline approximations, see
e.g., [37,71,87], or even Sobolev spaces of vector-valued functions [69]. Finally,
in Sect. 3.9, we discuss positive definite functions, a concept important in the
study of meshless discretization methods for handling discrete data with no
associated mesh or grid.

3.1 The Laplace—Beltrami Operator

The Laplace—Beltrami operator is the restriction of the Laplace operator on
the unit sphere.

K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit 87
Sphere: An Introduction, Lecture Notes in Mathematics 2044,
DOI 10.1007/978-3-642-25983-8_3, © Springer-Verlag Berlin Heidelberg 2012
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For a bijection = @(u) or u = u(x) over R?, define the following
quantities

ox Ox 8:Ek aIEk
9ij ‘= 75— - Z

Oui uj = O 0
d
Ju; Ju
L/ ? J
g ; aTk aTk
for 1 <i,5 <d, and
g := det(gs;).

By the chain rule,
(97) = (gi5) ™"

Then we have the following transformation formula for the Laplacian operator

a1 & o 0
(L) o L () o
(d) ; Ox; \/g i,jzzl du; ou;
Now assume §4) = &(u1, ..., uq—1) is a bijection between a set U of R4!
and S?7! such that the mapping is C2 in the interior of U. We use u1, . .., uq_1

and uq = r = |z| as the polar coordinates. Then 4y = 7€ 4). Similar to the
quantities g;;, g and g, we define

430 35<d 0%k 0
Vij = e Z Ou; 8u3

(Y9) = (i)Y, 1<i,j<d—1
and
v := det(vs5)-
We have
gij =15, 1<i,j<d-1.
Differentiate the identity

d

1=E&uq) &= Z(§k)2

k=1
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with respect to u;, 1 <7 <d — 1, to obtain

08k, .
£<d Z&am* , 1<i<d—1.
Thus,
0 .
gzd—ré(d Z{kaik: 0, 1<i<d-1.
Moreover,
9dd = &(ay &) = 1.

Hence,

g=r20"Ny g =il
From (g%) = (g;;) ", we obtain
ig_ 1 i ..
g =7, 1sijsd—1,
gl =gl=01<i<d-1,
dd = 1.

Using these relations in (3.1), we have

10,0\ 1 .
Aay= a1 5, <7" 5) + 3 Bla-y

where the Laplace-Beltrami operator

d—1
1 i) < )
Atppy=—=3 [+ 7—>.
(@=1) \/_”21 A \/_auj

Recall the extension f* of f, (1.22). Then, if f € C?(S*™1),

Ay (@) jw)=1 = Alg—1) f(€)-

89

(3.2)

(3.4)

Thus, the value of A’(* 1) (&) does not depend on the coordinate system

for S471.
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In the polar coordinates uq, ..., u4—1, uqg = r = ||, the gradient operator
can be expressed as

o 1_.
V = 55 + ;V(d—l)v (35)
where
d—1
L OE D
* — ij .
V(d—l) ' ZJZ:1’Y aui 5u] (36)

is the first-order Beltrami operator on S¢~1. Observe that the operator
0
\ =rV —&r—
(a-1) =TV —&ro

does not depend on the coordinate system for S*~*. Similar to (3.4), we have
V[ (@)|jz)=1 = V{g-1)f(§) (3.7)

for f e C1(s7h).
Ezample 3.1. Consider the case d = 2. We have

0
© = ré, 5‘(21059)’ 0<0<2rm

We let u; = 6. Then,
vy =1 = (—sind)® + (cos0)* =1, " =1,
g=gu=r> g=r.

By (3.6) and (3.3), we obtain

—sind\ 0 02
= = Al = —.
Vi ( cosf )ae’ M~ 962

It can be verified that Af;) = V(- V(). O
Ezample 3.2. Consider the case d = 3. We have

cos ¢ sinf
z=rf &=|singsinf |[,0<0<m 0<¢p<2m.

cos
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We let w3 = 6 and ug = ¢. Then,

i1 =1, 79 =sin?6, 12 =2 =0,
v =sin?6, /7 =sind,
Y1, 42 —gin 20, 42—~ 0.

By (3.6) and (3.3), we obtain

cosf cos ¢ ) —sin ¢ 9
Vg = | cosfsing 2% + e cos ¢ 8_¢’
—sinf
1 0 0 1 92
Afyy = —— [ sinf— —_— .
@ = §ing og (Sln ae> T 20 092

It can be verified that Af,) = V{3 - V(3).
Another possibility is to use t = cosf and write

V1—1t2cos¢

91

r=®(rt,¢p)=r€& €E=|V1I-t2sing|, —-1<t<1,0<od<2m.

t

We let u; =t and uy = ¢. Then,

1
=T Yoz =1—1%, 412 =721 =0,
7=1
1
S —) ,Yzzzl_t27 IR )

By (3.6) and (3.3), we obtain

—— 19
* = _ 42 -
Vi =evi=tg teo =5 o

.0 ) D 19
A<2>—§<(1t)§)+—1_t25727

where ey and e; together with e, form a local vector basis for R3:

V1 —12 cos ¢
0®(1,t,0)| " 0®(1,¢
er — ‘ (8; 7¢) (a; 7¢) — MSin¢ ;

t
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o, |20t oRLLe) (N

1 —t cos ¢

e — 0BG OR(LEY) |, sin 6
! ot ot

VI—12

The second possibility is more widely used in applications (cf. [47,48]). O

We now explore a relation between Az‘ d-1) and Az‘ d—2)" This will allow us

to find a representation formula for A?d_l) explicitly. For £ = &) € SR
we write (cf. (1.15))

S(d) = ted + V 1-— t2 £(d71)7

where ¢ € [~1, 1] is identified with u4—1, and §4_;) is a d-dimensional vector
(&1, €0-1,0)T € 77! and we will also use €(4—1) to represent a (d — 1)-
dimensional vector (&1,...,&q-1)T € si-2. Then,

Ky _o, b
duasy ¢ V1o

%”%=V1—ﬂ@@tﬁ 1<i<d-2.
ou; ou; ’ -

Thus,

ay Oa 1
Oug—1 Oug—1 T =2
@) 9
8ud_1 8ui
o O& (4 . 9wy (1- ) € 41y . € (4-1)
Vi = 8u1 an B 811,Z auJ' ’

Yd—1,d—1 =

Yid—1 = Yd—1,0 = =0, 1<i<d-2,

1<ié,j<d-2

Denote

081y %y
’Y” a Bul 8uj ’

1<i,j<d-2

and let

(7)) = (7i5) "



3.1 The Laplace—Beltrami Operator 93

Then
v = det (Vi) (a—1)x (a—1) = (1 — )45
where
7y := det(¥y;) @—2)x (d—2)
and

Hence, by the formula (3.3),

d—
1 0 0 1
A* _ d—1,d—1
A Qua (7 ﬁau(“) A Z

_ 1 9 (1 _ 2129
BRCESEC=ErT (“ AT

41 dz_2 9 (54,50
(1_t2)ﬁij:1 6ui v Wt?uj '

N—

Therefore, we have the following recursion formula,

* 1 9 2y(d—1)/2 9 1 x
(d—1) = ma ((1 — %)d=1/ g + WA(d_Q). (3.8)

As an example, consider using the d-dimensional spherical coordinates

r1 =1 cosfy sinfy sinfz---sinfy_1,
T9 =1 sinfy sinfy sinflz---sinfy_1,

T3 =71 cosfy sinflz---sinfy_q,

Tgq—1 =T COS Gd,z sin 9(1,1,
rqg =1 cosfy_1,

r>0,0<0;<2m 0<0;<mfor2<j<d-1.
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For t = cosf with 0 < 0 < 7, it can be verified that

v 0 eyl L 9 (a0
(1— 2)d=972 ¢ <(1 ) o) = morzae \OMOT 55

Therefore, using the results from Example 3.1 and (3.8) with ¢t = cosf4_1,
we have

82
A =2
W 967
B 1 9 s d—1 0 1 .
= —-— > -
A(d) Sind_l od 89d (Sln 9d 80d) + Sin2 ed A(d—l)u d = 2

We can use (3.4) and (3.7) to prove integral identities over the sphere. One
such example is the following.

Proposition 3.3. (Green-Beltrami identity) For any f € C*(S*') and
any g € C'(S"),

/Sdi1 QA?d—nded*l =- /Sdi1 V-9 Vi f ds*. (3.9)

Proof. For the extensions f*(x) = f(x/|x|) and g*(x) = g(x/|x|), we apply
the Green’s identity

/ (A + Vg V) da =0,
1-6<|@| <146

ie.,
1+0
/1_5 pd=3 [/S (980 f + Via-n9-Vienf) dsd—l] dr = 0.
So (3.9) holds. O

As a consequence of Proposition 3.3, we have the next integral identity.

Corollary 3.4. For any f,g € C*(S?™1),

/Sd,l 90y [T = /SH f AL ygdSTTh (3.10)

3.2 A Formula for the Laplace—Beltrami Operator

In this section, we derive a formula for the Laplace—Beltrami operator written
in terms of the variable & and derivatives with respect to the components
of x.
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Consider the operator

0 0\ 1< ) 8 \>
D = - i — s — = —— i— — P, .
(d) Z <3: oz, Z; 6;101-) 5 ijzz:l <3: oz, T 6;@)

1<j<i<d
(3.11)
For i # j, we have
L0 9 2_% o (, 0 0
Zan Jafbi N laftj Z&a:j J@xi
L B
Ja’Ei 16,@]» J@xi
2P L0 0 0

S 022 02 T om T ox " Oxi0x
Then,

d—1 d 52 d [i-1 52

2
Day==3_ | 2o |52~ 2 | 2% | 5
=1 \i=j+1 J =2 \ j=1 ?
2 d o
—I—szxja o7, —l—(d—l)szaxl,

i#£] i=1

ie.,
a 0? S
— 2 o _ .
D(d) = -7 A(d) + ijZZI T (93318333 + (d 1);1’1 or; (3.12)

We will use more compact expressions for the two sums in (3.12). Consider
an arbitrary differentiable function f(x) = f(r¢), £ € S*"'. We differentiate
the function with respect to r:

d

of(rg) _ 0f(r§)
0= ;&a—xi' (3.13)
Multiply both sides by r,
d

of of

or ; i ox;
Since f is arbitrary,

d

0 0
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Now assume f is twice differentiable and differentiate (3.13) with respect
to r,

O f(ré >f(rg)
8r2 Z Gt Ox;0x;

Multiply both sides by 72,

81"2 Z Tity 8171(?%

1,5=1

Since f is arbitrary, we have

0? 5 0
Z xixj—(?:zr-(?:zrj =153 (3.15)
Using (3.14) and (3.15) in (3.12), we obtain

9 a2 (3.16)

_ 2 2
D(d) =—r A(d) +7r 52 o

This relation can be rewritten in the form

1 0 (4,0 1

r2

Comparing (3.17) and (3.2), we see that D4 is the Laplace-Beltrami
operator. Therefore,

i} d o\’

1<j<i<d
3.3 Spherical Harmonics As Eigenfunctions
of the Laplace—Beltrami Operator

Consider any non-zero function Y,, € Yé
Then

o, write Yy, () = Y, (r€) = Y, (€).

1 9 9 Lo n
0= AY,(z) = (Td—_lg <7“d 15r> + g M- 1>> ¥a(),
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i.e.,
AL Y€)= (04 d - 2)Ya(€). (3.19)

In other words, Y;,(&) is an eigenfunction of the operator —AE* d—1) correspond-

ing to the eigenvalue n (n+ d — 2). More precisely, we have the following
result.

Proposition 3.5. Non-zero functions in the space Y’i are eigenfunctions
of the Laplace—Beltrami operator 7A>(kd—1) on S%1 corresponding to the

eigenvalue n (n +d —2). The dimension N, 4 = dim Y% is the multiplicity
of the eigenvalue n (n+d —2).

For f € CY(S* 1) and Y, € YZ, we apply the Green-Beltrami iden-
tity (3.9),

V*fV*Y,dS? ! = —/ fA*Y,dS? L,
§d—1

gd—1

By (3.19),

V- V*Y,dS" =n(n+d-2) fY,dsit, (3.20)

§d—1 §d—1

For any fixed & € S, let Y,,(n) = P,.q(£n) in (3.20) to obtain

V*f(n) - Vi Paa(&n)dS* (n)

§d—1

—n(n+d—2) [ f(n) Pua(€n) S (). (3.21)

§gd—1

The next result can be derived from (3.21).

Proposition 3.6.

d—1
/ IV Poa(§m)|?dS ™ () =n(n+d—2) |?V—| VEe ST (3.22)
§d—1 n,d

Proof. Take f(n) = P,.q(&n) in (3.21),

L 1VaPustemPast o) =nn+d=2) [ PuaemPas )

Note that the integral on the right side equals |S*™*|/N,,.4 by (2.40). O
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Now we study relations between the order of growth of the Fourier—Laplace
components {Pp qf }n>0 and the order of differentiability. Recall (2.44) for
the definition of the projection P, qf.

First, assume f € C'(S?™!). Then, using (3.21), we can write

Nnd
n(n+d—2)s*!

(Puaf)(€) = |/ Vi Py (€)Y () dST ().

We bound the integral term first by applying the Cauchy—Schwarz inequality:

Vo Pua(§m)-V" f(n) del(n)‘ = [/ |V Paa(&m)PdS' (n)

§d—1

1/2
[ 1w smpastia)

§d—1

and then by applying (3.22),

V3 Py a(€0)-V* () del(n)‘ <

n(n+d-2) 5™ 1|]

gd—1 Nnd
1/2
v sk
So
Nn,d 1/2 *
Prafllors < | e | IV ey, (329

Since N, 4 = O(n?=2) (cf. (2.12)), we conclude

4
2

[ P.afllogi-1y = On272) if feCH(S*H). (3.24)

Then, assume f € C2(S?'). Note that by the Green-Beltrami iden-
tity (3.9),

1

(Prn,af)(&) = Tamtd—2)

(Pn.aA*f)(€)

and also recall the bound (2.48). So

1 *
I Pr.aflloEa-1y < mﬂpn,dA fllege-1
1 Noa \Y2, .,
= () 18 ey
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and we obtain
1PoafllcEesy =Oms %) it feC?(s™), (3.25)
In general, we have
[ Praf oy = OmEFY) if fe kst (3.26)

From this we see that the Fourier—Laplace series
= krqd—1y\ _ - d
medf(ﬁ) converges for f € C*(S“7") with k > 7
n=0

For f,g € C?(S*™!), by the integral identity (3.10),
(f, A%g)ga—r = (A" f, g)ga-1.
So for n # m, Y, € Y& and V;, € Y%,
(Yo, Yin)ga-1 =0, (3.27)

i.e., eigenfunctions corresponding to distinct eigenvalues of —A* are orthog-
onal. The orthogonality (3.27) also follows from Corollary 2.15.

We deduce from (3.20) that

(V*Praf V' Pm,af)si-1 =n(n+d—2) HfH%z(sdfl) Onm.-
If f € CY(S*™1), then
(V' f, V' Praf)ga-r =n(n+d—2) (f, Pnaf)si
=n(n+d—2)||Pnafl7zci1)

We use these two properties in the proof of the next result.

Proposition 3.7. Let L be the set of all f € CY(S*™1) with Il fll2ga-1y =1
ande_YZ for 0 <k <n. Then

inf {Hv*f”%z(sdn) L fe Lﬁ} —(n+1)(n+d—1).  (3.28)

Proof. First, for any f € C'(S*"!) and any m € N,

2

V-V Praf

k=0

0<

L2(Sd—1)
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= IV fllF2ga-1y = Dk (k+d = 2) |Praf | 2a1)-
k=0

Consequently, by letting m — oo,
IV Il 201y = i k(k+d=2)[|Prafll7zga-1y-
k=0
Thus, for f € Li,
HV*fH%z(SH) > i k(k+d-2) Hpk,df”%%sdfl)-
k=n+1

Also, note that

1= ||f||2L2(sd—1) = Z ||Pk,df||%2(sd71)-
k=n+1
So (3.28) holds and the infimum is assumed by elements in Y% L1 O

3.4 Some Integration Formulas

Let Y, (x) be a homogeneous harmonic polynomial of order n. Then Y,,(V)
defines a harmonic differential operator of order n.

First, we present an integration formula which can be evaluated through
applying a harmonic differential operator to a homogeneous harmonic
polynomial.

Proposition 3.8. Forn >k,

[ @ 0o v ast o) = s v vy @), 629

~2n-1D(n + 9)

Proof. Writing @ = |x| £, &€ € S™!, we have

[, @ am@ast o = el [ €0 s,

§d—1

By the Funk-Hecke formula (Theorem 2.22),

[, (@ 0MYaQdS ™€) = Alal V() = M a¥a(e).
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where (cf. (2.62)),

1
A = |Sd‘2|/ P, 4(t) (1 —2) dt.
-1

101

We apply Proposition 2.26 to compute the integral in the formula for A, 4,

Thus,

1
Md = |Sd*2|n!Rn7d/ (1— t2)"+d2;3dt

-1
da
wzn!
2n=1T(n + )

Vifw) = 5 [, (@00 ast).
WV = 5= [ Vi 9)tast )

Hence, Y3(V)Y,(x) equals

1

)\k,d)\n,d Sd—1

1

%0

§d—1

= Yn
)\k,d)\n,d /Sd—l (C)

1

n!

- )\k,d)\n,d (n - k)' gd—1

n!
An,a(n —k)!

[, (@ 0rovi© dst¢)

/S Yi(m)(@-¢)" " (n- C)ded_l(’?)} ds1(¢)

Yo (@ - )" Ae.a¥i(€) dSTH(C)

Yi(m)(n- V) (e o"dsdl(n)} 4541 (¢)

The formula (3.29) follows from this relation and the formula for the

constant A, 4.

O

In the rest of this section, we follow [17] and discuss some integration
formulas over the unit sphere.
We recall that spherical harmonics of different degrees are orthogonal.
In particular, this implies

[ v@dstie =0 vyevi =1

(3.32)
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Using this property and (2.52), we see that

H,(&)dsS¥ (&) =0 VH,ecH? nodd. (3.33)

n?
§d—1

For n even, by (2.52), (2.59) and (3.32), we have

[, measte = 15" 1%,
i.e.,

H, (&) dsd- 1(5) w

A™2H, H, c H¢
b Al (d+n—2) () VHne

n evel.

(3.34)

mno

Note that for H, € HY, A"/2H, (x) is a constant.
As some examples of (3.34), we have

d—2) st st

Sdﬁdsd_l(@:( 2!)!d|!! A = d :
4 gqdtggy _ @=2M[STY o 4 3187
Sdflglds (&)= Al (d +2)!! A(xl)_d(d+2)'

An integration formula is given in [17] for an integrand that can be
expanded into a power series.

Proposition 3.9. Assume f € L'(S"™1) and

Hf - ;fj‘ i) —0 asn— oq, (3.35)
where f; € Y?, 7 >0. Then
gt 272 (d = 2)1 & 1
a1 f(S) ds (5) - F(d/?) - (2,])” (2] ¥ d— ) f?]( )
(3.36)

Proof. By the assumption (3.35), we have, as n — oo,

Sd- lf( Sd 1 Z Sd-1 Sd 1 ©) = Hfj_iofj’Ll(Sdl)

— 0.
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Thus,
f©)dst e = | f;(&)dS"(©).
§d—1 par il
We then apply the formulas (3.33) and (3.34) to get (3.36). O

A sufficient condition for (3.35) is that the sequence of the partial sums
{Z?:o fjtn>0 converges uniformly on S% ! to the function f.

Corollary 3.10. Suppose a real variable function g has a Taylor expansion
at t = 0 with a convergence radius ro > 0:

o g(j)(

0) .
Vi, i <o, (3.37)

For a fized vector k € RY, define a vector variable function
f(x):=g(kx), xcR™

Write . =1€&, >0, £ € ST, and assume r |k| < ro. Then,

d/2 & (2J) 27 | Je|?%9
F(r€) dst(g) = 2T g Ll

g1 B d/2 JZ (2j)! 2j—|—d—2) (3:38)

Proof. Since r|k| < rg, the power series in (3.37) with ¢ replaced by k-x
converges uniformly with respect to &€ € S9!, Hence,

F(ré) dst( Zg ' /S | (rkg)'ds" T (g).

§d-1 =
By a straightforward calculation,

N (k-x)® = (27)! |k|>.
Therefore, the formula (3.38) follows from an application of (3.34). O

As some examples of the formula (3.38), we note

[, sinlkg) st —o.
Sd—1

o0

27142 (d - 2)! 1)7|k|%
) d—1
/Sdflcos(k 8458 = =17 Z 27) H 2j+d—2) ‘

Jj=
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Recall the Taylor expansion

(14+t)> Z()tj, t] < 1.

Here,

(Of) _ole-Doclo-Go1) oy <a> — 1.

J 7!
Applying the formula (3.38), for r |k| < 1,

o redety e 27Y2(d = 2N S T o — 1) |k
/Sdfl(”k'@ 45T = —a7m) ;(2;)!?(2j+d—2)!!'

3.5 Some Differentiation Formulas

There are formulas that simplify the calculation of applying the harmonic
differential operator to certain functions. Consider applying the harmonic
differential operator Y,,(V) to a radial function f(zx) = ¢(|x|?). Suppose f
is n times continuously differentiable. Let  be fixed. For h € R, denote
h =|h|. As h — 0, by the Taylor theorem,

w-i—hzzl I f(x) + o(h™).

Jj=0 ]'

With & = |z|€ and h =hn, €,n € S?7!. we rewrite the above relation as

n

o(lzl* +2|x[€nh + k%) = Z h—: (n- Vo) o(lzl*) +o(h").  (3.39)

Use (3.31),

iggd—1 = W%_n._
/S  Yalmn - Oyast i = 4wt o

We then derive from (3.39) that

[, ol +2lelenn+ 1) Y, (n)ds* o)

d
Tz h"

=——— Y. (V. x|?) + o(h™). 3.40
STy Yo (Vo) Ael?) o) (3.40)
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By the Funk-Hecke formula (Theorem 2.22), the left side of (3.40) equals
An,dYn(€) with

1
An,d = |Sd_2|/ o(|z* + 2 |x| ht + h?) Py a(t) (1 — t2)%3dt.
—1

Apply the formula (2.77),

L(45H) (|2 h)"

T(n+ %)

)\n,d _ |Sd72|

1
/ oM (|22 + 2|@| ht + B2) (1 — £2)"F =" at
-1

= —'"(|x +Ohn
T )+ o007

Thus, from (3.40),

d
w2 h"

2t |@"h" B
2 1T(n + 9)

Tt d) ¥ M (|2) Ya(€) Yo(Va) o(|[?) + o(h").

Now divide both sides by h™ and take the limit A — 0 to obtain, after some
rearrangement

Ya(Vae)e(al?) = 270 (|2[*) Y, (). (3.41)

This shows that homogeneous harmonics are reproduced by harmonic
differentiations of orthogonally invariant functions. Note that

(i)~ (i)

We state (3.41) in the form of a theorem.
Theorem 3.11. Let f € C™(a,b). Then for a < |z| < b,

V() = nle)ala), )= (140) F0) (342
With € = r§,
1d\"
VAU0) = )P © )= (2E) S0 ay

As an application of Theorem 3.11, let there be given a function f €
C"[—R, R]. Denote |z| = r. Then for 0 < r < R,
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d—1 d—2 ' P
flo-mdsti ) =187 [ 7t (- )T de = P,
gd—1 -1

With « = 7€ and Y, € Y¢,

Vo) [ feemastim = [ i st ). (349

§gd—1

Apply Theorem 3.11,

Ya(VVE() = i) £ Ya():  pin(r) = (ﬂ)nF(r»

rdr

Use the Funk—Hecke formula (Theorem 2.22),

F (@ m) Yi(n) dSTH(m) = Aa(r) Yo (€),

§d—1

where
1 d—3
M) = 87721 [ 1) Pratt) (1= )5 .
-1
Thus, from (3.44),

7" pan (1) Yo (§) = An(r) Yo (§)-

Summarizing, we have the following result.

Proposition 3.12. Let f € C"[—R, R]. Then

<rdr> / Frt) (1 —2) 2" dt

= / FO )Py a(t) (1 —£2)2"dt, 0<r<R. (3.45)
-1

3.6 Some Integral Identities for Spherical Harmonics

In this section, we first review some basic properties of harmonic functions,
as is done in [70] but for a general dimension d > 3, and then derive an
integral identity for spherical harmonics. In the following, we always assume
d > 3. Proofs of the results are straightforward extensions of those for the
case d = 3. For completeness, we include the proofs.
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Proposition 3.13. For fized y € R?, the function

x— O(x,y) = |z — y|?~¢ (3.46)

-
(d—2)s'™

is harmonic in R\ {y}.

Proof. 1t is convenient to write |z — y| = (J@ — y|2)1/2 when we differentiate
[z —yl:

8 1 2 —1/2 2 1 1
—y|l=z — —|r— =-lxr— 2 (i — Yi)-
ol vl =3 (lz —yl?) 5| Y’ = gle —yl 2 (@ — )
Thus,
0 1 )
le—yl=(zi—w)le—yl, 1<i<d (3.47)
83:i
Use this formula,
0 1 0
b(r,y)=— - (2—d) |z — y| T —
o, 2@ v) (d—2)|Sd_1|( Nz —y[ gl =yl
1 —d
= ——\X; —Y;) | — .
5] (i —yi) |z -yl
We note in passing that
1 —d
V®(z,y) = —WW@ -yl (z —y). (3.48)

Differentiate with respect to z; another time and use (3.47) again,

0 1 —d 2 —d—2
a—l,zgq’(fvay)z—m & —y|~" = d(zi — y:)*|= — y| ]
Hence, for fixed y,

Ad(z,y) = Z @fb(m,y) =0
=1 ¢

and & — ®(x,y) is harmonic for  # y. O

The function ®(x,y) defined by (3.46) is usually called the fundamental
solution of the Laplace equation.
Next we review some integration by parts formulas.
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Theorem 3.14. Let Q C R? be a bounded domain with a C* boundary 0S2.
Denote by v = (v1,...,vq)T the unit outward normal vector on 9Q. Then we
have the formulas

/(uAv+Vu~Vv)d:c:/ ua—:jda Yue CHQ),veC*Q), (3.49)
Q 1519)

/(uAv—vAu)dcc:/ (ua—uva—’/)do Yu,v e C*Q). (3.50)
Q o9

Here,

is the normal derivative of v on 0S2.

Proof. Recall the following integration by parts formula

ov / / ou 1=
dx = wvvido — | v de VYu,veC (Q). 3.51
[ugmda= [ [0 @ @5

For u € C*(Q2) and v € C%(Q2), we apply (3.51),
d d
0% 0°v
/QuAvdw:/QuZde:Z/ﬂu
i=1 g i=1

ou Ov
= E i d — —d
</8£2 8:101 vido = /Q ox; Ox; cc)

:/ u@da— Vu-Vuda.
0 v Q

Thus, the formula (3.49) holds.
Interchanging w and v in (3.49) and subtracting the resulting formula from
(3.49), we obtain (3.50). O

The smoothness assumption that 9Q € C! in Theorem 3.14 can be
weakened. Nevertheless, we will mainly apply the theorem to the case where
Q is an open ball which has an infinitely smooth boundary.

Corollary 3.15. Let Q be as in Theorem 3.14 and let uw € C'(Q) be

harmonic in Q. Then
/ @ do = 0.
a0 (91/
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Proof. Consider a sequence of domains that approximate :
Q, ={z e Q:dist(z,00) < 1/n}, neN

Since 992 € C1, for n sufficiently large, 99, € C*. Note that u is harmonic in
Q, implying v € C?(€,,). We apply (3.50) with v = 1 on Q,, with n sufficiently

large:
/ % do = 0.
o0, v

Then take the limit n — oo to obtain the stated result. O

Theorem 3.16. Let 2 be as in Theorem 3.14 and let u € C*(Q) be harmonic
in Q. Then

ww) = [ | ey - o) =D doy), wcn. @5)

Ovy

Proof. As in the proof of Corollary 3.15, it is sufficient to show the result
under the assumption u € C2(Q2). Fix & € Q. For € > 0, denote the sphere

S(x;e) = {y eRY: |ly—x|= 5}
and the ball
B(z;e) := {yeRd:|y—w| <5}.

If € is small enough, which we assume is the case, then B(x;e) C . We
apply the formula (3.50) on the set

Q. = Q\B(x;¢)

to obtain

ou 09(z,y)

—(y) ®(x,y) —u(y) ——— | do(y) = 0, 3.53

Lo 5o @ 29 a2 [ anty (359
where v is the unit outward normal vector on 0f)..
From (3.48),
1 —d
Vy@(z,y) = —lz—yl (. —y).

s
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Note that on S(x;e),

Y e~y
and so
3@(:1},1;) 1 1—d 3 —d
=V,0(xz,y)v - = 3.54
ayy Yy ( y) Yy |Sd,1| | y| |Sd,1| ( )
Hence,
0P
lin () 2229 45) = u(a)
=0+ S(z;e) 6Vy
Since
c2—d
(b m? 3 = —7
( y)|S(m,€) (d—2) |Sd_1|
we have
ou
li —(y) @ d =0.
B8 oy 0 (y) @z, y) do(y)
By taking the limit € — 0+ in (3.53), we obtain the formula (3.52). O

It is easily seen from (3.52) that a harmonic function w is infinitely smooth
in Q2. Now we can state and prove the mean value property of harmonic
functions.

Theorem 3.17. Let u be harmonic in an open ball B(x;r) and be continuous
in the closed ball B(x;r). Then

1 d
(z) Ry /S(m) (y) do(y) 71 /B(m) (y)dy. (3.55)

Proof. For any s € (0,7), u € C*(B(z;s)). We apply (3.52) and Corollary
3.15 on 2 = B(x; s), noting the formula (3.54),

1
|Sd71| gd—1

u(z) = /S o) (3.56)

Take the limit s — r— and use the continuity of u in B(x;) to obtain the
first formula of (3.55).
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We multiply (3.56) by s?~! and integrate the equality with respect to s

from 0 to r:
u(cc)/ s lds = %/ ds/ u(y)do(y).
0 IS% | Jo S(a:s)

Rearranging the terms in the above equality, we obtain the second formula
of (3.55). O

The mean value property leads to a maximum—minimum principle for a
harmonic function.

Theorem 3.18. A harmonic function on a domain cannot have its maxi-
mum or minimum unless it is a constant function.

Proof. Let u be harmonic on the domain Q. It is sufficient for us to show
that if u achieves its maximum value M in §2, then u(x) = M for x € Q.
Introduce the set

Qpi={zeQ:ulx)=M}.

This set is non-empty and is relatively closed in 2. Let « € 5, be such that
B(x;r) C Q for some r > 0. Apply Theorem 3.17 to the harmonic function
M — u(x) in B(x;r),

d

[ -y,
B(x;r)

Thus, u(y) = M for y € B(z;r) and then B(x;r) C Q. Hence, Qyy is also
relatively open in €. Therefore, 2, = 2 and u is a constant in €. O

Corollary 3.19. Let Q be a bounded domain. Then a harmonic function in
Q that is continuous on € has both its maximum and minimum values on OS).

Returning to (3.52), let &g be a point on 9. From Theorem 18.5.1 in [81],

ty ) 5 daty) = Gt + /8 uly) e day)

From the proof of Theorem 18.6.1 in [81],

im [ %) vy doy) = [ 2

2B f 0w (y) ®(x0,y) do(y).

o0 OV
Thus, it can be deduced from (3.52) that

0P (2130, y)
Ovy

o) = [ |Gkt 000 n) - ulw) | dotw) + 5 utan)

We state the result as follows.
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Theorem 3.20. Let Q be a bounded domain with a C* boundary. Assume u
is harmonic in Q0 such that u € C*(Q). Then

1

sue = [ | oem #ey) - ul) T2

v, do(y), x €0 (3.57)

Now we are ready to derive an integral identity for spherical harmonics.
Apply (3.57) with 9Q = S?~! and
u(@) =1"Y,(§), x=r€ £eSi,

where V,, € Y4, n € Ny. Write y = |y|n, n € S*~!. Observe the following
relations

w(y)lsi— = Ya(n),

ou e
55 W], = Y m)iyi=1 = nYa(m),
1
P(x, -1 = ————— |§ — 27(1.
(@, 9)ls @287 € =l

Moreover, recalling the formula (3.48) useful in computing V,®(x,y) and
noticing that

v(y) =mn,
we have
aq)($7y) _ _ 1 —d
8—1/!, gd-1 Vy@(z,y)vylger = W 1€ —nl"%(€—n)n.
Now
1 2
E-mm=8&n—1=—7[¢—nl"
Thus,
00(x,y) B 1 9 g
duy lser 28 & =™

Using these relations in (3.57), after some simplifications, we get the following
integral identity

_ d—1
/SLH |§}:n,(;|73_2 ds?!(n) = % Y,(§), &estl. (3.58)
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We turn to another integral identity for spherical harmonics on S?. First,
we recall the Rayleigh—Green identity:

/Q (o) A% (y) — (y) A(y)] dy

= / [*"@)M — Ap(y) My)} do(y)
o0

ov ov
d(Ap(y)) 9v(y)
- [ G2 v 2 o). o)

It is obtained from the divergence theorem in much the same manner as
(3.50) in Theorem 3.14. Restrict 2 to be a subset of R3. Let ¢ be biharmonic
over €, meaning A%2p = 0. Also, let ¥(y) = |y — x|, y # =. Much as in
Theorem 3.16, this leads to the following identity.

2/aﬂ {w(y)aiy (|yiw|) i |yim| 8gg$jy)] do(y)
- /69 ['y - ””'Ma;fy» - Aw(zﬁ%ly - w|] do(y)

= —4dmp(x), x € S (3.60)

For details of this argument, see [66, Appendix 9].

The formula (3.60) was applied in [31, Theorem 5.2.1] to show that
spherical harmonics on S? are eigenfunctions of the single layer biharmonic
potential. Letting ¢ = Y;, be a spherical harmonic of order n on S2, then

—167

2n+1)(2n—1)(2n+3) Y, (&) VEes?

(3.61)

[t mvam s -

In Sect. 3.7, we will apply the Funk—Hecke formula to derive families of
integral identities that include (3.58) and (3.61) as special cases.

3.7 Integral Identities Through the Funk—Hecke
Formula

In this section, we show the derivation of some integral identities through a
straightforward application of the Funk—Hecke formula. As we will see, such
integral identities as (3.58) and (3.61) can be obtained easily. The material
of this section follows a recent paper [55].
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3.7.1 A Famuly of Integral Identities for Spherical
Harmonaics

Let Y, € Y?¢ be an arbitrary spherical harmonic of order n in d dimensions.
Consider an integral of the form

I)€) = [ alle=nYa(m)as ) (3.62)

Recall the weighted L' space L%d_g)/Q(—l, 1) defined in (2.60). We have the
following result.

Proposition 3.21. Assume

922 (1= 1)/?) € L{y_g)5(~1,1). (3.63)

Then

where

1 d—3
fin = |Sd*2|/ g(2Y2(1 = )2 P, 4(t) (1 — t3) = dt. (3.65)
-1
Proof. Since

E-nl=R0-¢n)"?, gnest, (3.66)

we can write
Ho)= [, a0 —g-m)") Y, n) s )

Applying Theorem 2.22; we obtain the formula (3.64) with the coefficient p,
given by (3.65). O

Using the Rodrigues representation formula (2.70) for the Legendre
polynomial P, 4(t), we can express p, from (3.65) in the form of

1 n
d _
pn = (=1)"S72| Rn,d/ g(2'2(1—1)'/?) (E) (1 — )"t at. (3.67)
-1
Let us apply Proposition 3.21 to the following function

g(t) =t (3.68)
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The condition (3.63) requires
v>1-d. (3.69)

In the following we assume (3.69) is satisfied. Then from (3.64) and (3.67),
we have the integral identity

[ et amdstim = Yol ges @)

where

1 n
i = (—1)"2”/2|Sd‘2|Rn,d/ (1—t)"/? (%) (1— )™t at. (3.71)
-1

We can simplify the formula for p, through computing the integral

1@):/1@-¢yﬂ<%>nu_¢%wﬂfﬁ. (3.72)

Under the condition (3.69), we can perform integration by parts repeatedly
on I(v) and all the boundary value terms at ¢ = 41 vanish. After integrating
by parts n times, we have

14

10)="7 (5 _ 1) . (g —(n— 1)) J(w) = (~1)" (_§)n J(w), (3.73)

J@);i/lu—¢V“W1—ﬂY”%fﬁ.

-1
Write
1
J(V) = / (1 _ t)(U+d73)/2(1 + t)n+%dt
-1

and introduce the change of variables t =2 s — 1. Then

v+d—1

1
J(V):2"+%+d_2/ (1—s) 2 —lgntt—1gs
0

I(“E0)T(n + 450

— 2n+%+d—2
Tn+Z+d—1)

Therefore, for u, of (3.71),

d—1
1 _ gutd—1_ 431 (_Z I(“5=)
n =

(3.74)
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From the formula (3.74), we see that
pn =0 ifvr=0,2,4,...,2(n—1).

Now consider some special cases for the formula (3.70) with (3.74).

Special case 1: v = 2 — d. Applying (1.12),

(9. (152) -t

Then,
d—1 F(TL+ ;2) F(l)
fin =2m 2 R 2
27t d-2
() 2n+d-2
Hence,
_ (d-2)|s"
b v d—2 (3.75)

So we have the integral identity

/SH % dS*M(n) = pYn(€), £€ST, (3.76)

where p,, is given by (3.75). Notice that this is formula (3.58) in Sect. 3.6.
Special case 2: v = —1. Then,

-1 T(%2)
2 Tn+d-3)

.1 3
n:2d d12_._..
H T 5y

After some simplification,

i = 247207 . (3.77)

So we have the integral identity

/ Ya(n) de‘l(n) = Yo (€), €¢€ st (3.78)
si-1 [€ — 7|
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where p, is given by (3.77). Note that for d = 3,

B 47
T n4 17

fin (3.79)

Special case 3: v = 1. Then,

Since
3 5 1 1
M(ntd—=)= d-2 d—2)...or(=
(rea=g) = (rea=g) () 20(3)
we have
_ 1‘(51)
n = 224175 2 : 3.80
a T @n-D@nt1)-(2n+2d-3) (3:80)
So we have the integral identity
[, Je=nlYumdstim = Y@, gestl @y
where p, is given by (3.80). Note that for d = 3,
16
T (3.82)

b T o - D) @nt1) (2n+3)
and we recover formula (3.61) derived in Sect. 3.6.

We may also choose g as a log function in applying Proposition 3.21:

g(t) =logt.

Note that this function satisfies the condition (3.63). Then we obtain the
formula

[, ozle = alVulmy st = Y. g5t Gy

where

872
2

= /_1 log(2 (1 — 1)) Paa(t) (1— 2)*dt.  (3.84)
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Using the orthogonality of the Legendre polynomials, for n > 1, we can
simplify (3.84) to

s 1 2\ 453
=5 log(1 —t) Py g(t) (1 —t*) = dt, n>1. (3.85)
-1

3.7.2 Some Extensions

Proposition 3.21 can be extended straightforward to some other similar
integrals.
Let a and b be non-zero real numbers. Similar to (3.66),

laé+bn| = (a>+ 6 +2ab€-m)"?, gnesit (3.86)
Then for a function ¢ satisfying

g((a2 +b% + 2abt)1/2) € Lig_z2(—1,1),

we can apply Theorem 2.22 to get

[, otlag+buh Vamds* n) = m¥al€), €e5 @D
where
1 d\" d—3
fn = (—1)"|S972| Rn,d/ g((a2 +v% + 2abt)1/2) <E> (1—t2)"t72 at.
-1
(3.88)
This formula includes Proposition 3.21 as a special case with a = 1 and
b = —1. Choosing a = b = 1, we obtain another special case formula:
[, olesmhYmast i = pYole), €es™ @80)
where

1 n
= 8 R [ 920402 () (=@ (390)

-1

More generally, let g(t1,...,t5) be a function of L real variables, and let
a, by, 1 <1< L, be 2L non-zero real numbers. Assume

g((af F02+2a100t)2, . (a2 + b2 + 2aLbLt)1/2) € Liy s 5(~1,1).
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Then
[, otlang b s b Yam) dS™ () = Yale), € 5T
where
1
i = (—1)"[S%%| Ry g / () dt
-1
and

gt) = g((af + 024 2a1b1)2, .. (a2 + b2 + 2aLbLt)1/2)

d " 271-!—M
(£ @t

As a particular example, for 11 > 1 —d and vo > 1 —d,

/S (€ = 0" &+ ml"Ya(n) dST () = pnYa(€), €S,

where i, equals

1
(_1)n2(u1+u2)/2|Sd—2| Rn,d /

(1 - t)U1/2(1 + t)”2/2 (%) (1 _ t2)n+¥dt.

Applying the Funk-Hecke formula, we have derived identities for some
integrals involving spherical harmonics over the unit sphere in an arbitrary
dimension. Integral identities of the forms (3.70) and (3.83) are useful in
numerical approximations of boundary integral equations [10]. Note that
direct derivation of such identities as (3.76), (3.78), and (3.81) are quite
involved, often using some form of Green’s integral identities; see Sect. 3.6
or [81].

3.8 Sobolev Spaces on the Unit Sphere

In this section, we discuss Sobolev spaces over the sphere. The spaces are
defined through expansions in terms of an orthonormal basis of spherical
harmonics, following [47].

Let {Y,; : 1 < j < Nypq4,n > 0} be an orthonormal basis of spherical
harmonics over S~ 1. For a function v, introduce a sequence of numbers

Un,j = (vaYn,j)L2(Sd—1) , 1 <j< Nn,d7 n >0, (3-91)

wherever the integrals are defined.
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First, we consider general Sobolev spaces corresponding to a given
sequence of numbers {a, : n > 0}. Introduce an inner product

o0 Nn,d
(U,U)H({an};gd—l) = Z |(Ln|2 Z umjm, (392)
n= =1

wherever the right side is defined. We note that this definition does not
depend on the choice of the basis functions {Y;, ; : 1 < j < N, 4} in Yi, since
by the addition formula (2.24),

N,
Up, jTn = i1 T Y
Z Ny Z/ ©ds ) [ T Vastmas' )
Ny a -
- /Sdil/SdAU(S)v(??) S Vo (€)Vy () dST1(€) dS* (m)
=1
|Sd 1| /Sd 1/gd 1 nd(€ n) ds?— 1(5) dsd_l("?)-

The norm associated with the inner product (3.92) is
1/2
10l a pist—1) = (0,0 (e sty (3.93)
Let O ({a,};S*™!) be the space of all infinitely differentiable functions with

a finite H({a,};S%!)-norm.

Definition 3.22. The Sobolev space H({a, };S?!) is the completion of the
smooth function space C*({a, };S*" 1) with respect to the norm (3.93).

This defines H({a,};S?!) as a Hilbert space with the inner product
(3.92).

Now we consider Sobolev spaces with particular choices of the numbers
an, n > 0. Since

—A*Y,;j=nn+d-2)Y,,,
we have
(A" +63) Yoy = (n+64)" Yoy, (3.94)

where

§g = ——. (3.95)
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For any s € R, we formally write
% 5/2

For a function v € L?(S*™!), we use the expansion

oo Nn,a

=D vnVa (3.97)

n=0 j=1

Then formally,
oo Nn,a
% s/2
(A" 637 0@) = 32 vny (04 60)" Yai(€)

n=0 j=1

Definition 3.23. The Sobolev space H*(S%"!) is the completion of the
smooth function space C°°(S?~1) with respect to the norm

L % s/2
ol = | (2" 870
oo Nnd 1/2
= Z (0 + 62)°° [vn ;|2 (3.98)
n=0 j=1

which is induced by the inner product

§/2 —F=~

(U ) o g1 ::/SCH( A* +62)*2 u(e) (~A* +62)* 0(€) do(€)

[e’e] Nn,d
=3 > (n+60)% un Ty (3.99)
n=0 j=1

We list a few properties of the Sobolev spaces H*(S?~!) below.

From Definition 3.23, the smooth function space C*°(S*™!) is dense in
H*(S41) for any s € R.

If t < s, then we have the embedding

H (S — HY(SY) (3.100)
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as well as the inequality
||UHHt(Sd—1) < max{l, 52_t} ||'U||Hs(§d—1). (3101)
Since

H(—A* + 63)”2 ’UH = ||’U||Hs+t(§d71) Vv e HS-H(Sd_l),

Hs (Sd— 1)

we see that the operator (—A* +6C21)t/2 is bounded from H***(S%"1) to
H(S41h).
Let us show the embedding

-1
H(SH — oS Vs> dT. (3.102)

For this purpose, we only need to show the inequality

d—1
||1)Hc(gd71) < C||'U||Hs(sd71) Yo e HS(Sdil), s > T (3103)

We start with the expansion (3.97) and obtain

o0 Nn,d

1< D> [onl [Yas ().

n=0 j=1

Apply the Cauchy—Schwarz inequality and then (2.35),

1/2 1/2

Nn,d

00 Np,a
@I <> | D fon,l > Vi@
n=0 j=1

J=1

1/2

S 1/2
=3 () (X et
n=0 |S |

Recall from (2.12), N,, 4 = O(n%=2). Thus,

Define t =2s—d + 2. Since s > (d —1)/2,t > 1 and so

oo
g n7t < .
n=1
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Thus,
- Noa 1/2
@) <ed (n+ 1) (n+1)* ) Jonl?
n=0 7j=1

1/2 1/2

%) oo Ny.a
- [Zw D I DRCERTED DI
n=0 n=0 j=1

<c ”UHHS(Sd*l)'

So the inequality (3.103), and hence the embedding (3.102), holds.

We note that the condition s > (d — 1)/2 for the embedding (3.102) is
natural. This is explained as follows. For the unit ball B? in R, the Sobolev
embedding

H'(BY) — C(BY)

holds for t > d/2. Traces on S*! = dB? of H'(B) functions form the space
H'=1/2(8%1). Thus, a condition for the embedding

Ht—l/Q(Sdfl) AN C(Sdfl)

is expected to be t —1/2 > (d — 1)/2. Then equate ¢t — 1/2 with s.
Finally, we mention an approximation result. Denote

P,,(S?7) := span{Yj; : 0 < j < Nya, 0< k <n}. (3.104)

Assume v € H*(S*™!) for some s > 0. Then there exists a function v, €
P, (S%"!) such that

[0 = vl ity < (n+14+82) "7 ol gegasy VEe€[0,s].  (3.105)

Indeed, writing

oo Ni,a

= Z Z Uk, Yk 5 (€)

k=0 j=1
we define

n Nk,

=30 v Y (€)

k=0 j=1
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Then v, € P,(S*"!) and

oo  Nk,a

[0 — |5 (ga-1) = Z Z(k+5d)2t|vk,j|2-

k=n+1 j=1
Since v € H*(S*™1),

oo Nk,d

Vs a1y = D > (k =+ 0a)> vk 31> < o0.

k=0 j=1
Hence,

oo Nk,a
HU - ’UnH?{t(Sd—l) = Z Z(k + 5d)2t|w€,j|2
k=n+1 j=1
oo Ng,a

<(n+1+ 5(1)2“75) Z Z (k + 0a)**|vg 5|

k=n+1 j=1

< (n+ 1482 |o 3o gas)-

Thus, (3.105) holds.
The Sobolev spaces discussed here will be needed in Sect. 6.3.

3.9 Positive Definite Functions

An important area of approximation theory is “meshless discretization
methods”, developed to handle discrete data with no associated mesh or
grid. An important topic in the foundations of this subject is that of “positive
definite functions”; and in the case of data distributed over the sphere S,
spherical harmonics can be used to analyze behaviour of such functions. For
this section, we follow closely the development in Wendland [118; Chap. 17].
A number of these ideas trace back to Schoenberg [101].

Definition 3.24. Let ® : S9! x S~! — R be a continuous and symmetric
function, symmetry referring to the property that ®(&,n) = ®(n, &) V&, n €
S?1. The function ® is called positive semi-definite if for any ¢ > 1 and any
set of distinct points {{1, e ,Sq} c St

q

Z D(€;,6;)6¢ >0 V¢ eR (3.106)

ij=1

If equality holds only when ¢ = 0, then & is called positive definite.
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We comment that the above definition is not universal in the literature,
and the reader should check the definition used in each source.

The functions {®(-,&;) : i =1,...,q} are used as a basis for interpolation
of the data {f1,..., f,} given at the points {&,,... ,Eq}: choose the interpo-
latory mapping

q
S
=1
to satisfy
q
Z 57,75 fiu z:177q

When @ is positive definite, this is a non-singular system, and Z, f is well-
defined. However, this linear system may be quite ill-conditioned.
An important source of positive definite functions are those of the form

(&, m) =(0(&;m)). (3.107)

Recall that 0(¢,m) = cos™(&m) € [0,7] is the geodesic distance between &
and 1 on S?7! and is equal to the arc-length 6 of the shortest path connecting
& and n. Equivalently, let ®(&,n) = ¢(||€ — nl|,). Noting that

lE=nl3=(€-n)-(E—mn)
=2-2¢m (3.108)
=2(1—cos?),

we can write
o) = @( 2(1— cose)) .

A function of the variable 6 is called a radial function. Many important
examples of such radial functions @ over regions in R? are given in Fasshauer
[45, Chap. 4].

In the special case of the unit sphere S¥~1, d > 3, we study positive definite
functions of the form

o0 Nn d
Z Zo‘"a .3 (€)Yn,5(m), S,neSd‘l. (3.109)
n=0 j=1

This uses the notation of Sect. 3.8, with {Yn,l, ceey Yn7Nn,d} an orthonormal

basis of Y¢. Without loss of generality, the basis functions are chosen to be
real-valued.
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Theorem 3.25. The function ® of (3.109) is a radial function if and only
if o, j is a constant function of j for all n > 0.

Proof. Assume that o, ; = ap, 1 < j < Ny, g, for n > 0. Then

Nn,d

©(&m) = Z an ) Ynj(€)Yn,;i(n), £mesit.

j=1
Using Theorem 2.9 (the addition theorem),

Np.,a

Nn,d
Yo (§)Yn,i(n) = an,d(g'n) (3.110)
j=1
N
|Sd 1| P, q(cos0).
Thus
1 o0
d(&,m) = o(0) = i > anNy g P a(cos ), (3.111)
n=0

proving @ is a radial function.
Conversely, let

(&, m) = ¢(0) = ¢ (&)

Using the completeness of the Legendre polynomials {P,, 4 : n > 0}, expand
the function ¢*(t):

t)=> baPralt), —1<t<1.

Use Theorem 2.9 to write

~5 S s X o)

Jj=1

Using the uniqueness of an orthonormal expansion in L%(S?~!) with the
orthonormal basis

{Yn,;:1<3j < Nayu, n>0}

concludes the proof that ¢* has the form (3.109). O
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What are conditions on the coefficients in the expansion (3.109) that will
imply ® is a continuous function on S~! x S¥~1? We begin with the bound
(2.116),

|Ppa(t)] <1, —1<t<1.

For the special case of a radial function ¢ (0) as in (3.111), we have

1 o -
(&, m)| < [§7T] D lan| Nug, &mest
n=0

If we assume

oo

> Jan| Noa < oo, (3.112)

n=0
then the Weierstrass comparison test implies that the series (3.111) is
uniformly convergent and the limit is continuous.
For a function ®(&,n) of the general form (3.109), let

k
a; = max o ; n > 0.
n 1<j<N | ";]| ? -
Theorem 3.26. Assume

> a;Npa < . (3.113)
n=0

Then the series on the right side of (3.109) is uniformly convergent and
defines a continuous function ® on S*~1 x S4-1.

Proof. Introduce

Nn,a
Sn(g;’r]) = Z n,jYn (S)Ynd (77)
j=1

Fix an arbitrary  and consider S,, as a function of £. From the orthonor-
mality of {Vy, ; : 1 < j < Ny q} in L*(S%7!), we have

1SuCimllze = | D langl* Yagm)® < ajy| D Vo).
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Apply (3.110) with & = 1 and the normalization condition P, 4(1) = 1 to
obtain

* Nn,d _
[Sn (5> < ay, 1§41 Vn e St

Using (2.48) to obtain

N Nnd
Sn 5 S S ) 2 = n

For the full series in (3.109),

D&M <D [Su(&m)| < |Sd P ZNn aa’

n=0

The conclusion of the theorem then follows from (3.113) and the Weierstrass
comparison test. O

The condition (3.113) is satisfied if a} Ny, ¢ = O(n’(HE)) for some ¢ > 0.
Since N, 4 = O(n?~2), we have convergence of (3.113) if

a’ = O(nf(dfus)) .

n

When are functions ® of the form (3.109) positive definite? We begin with
a needed lemma.

Lemma 3.27. Let {{1,...,£q} be q distinct points in S*'. Then there
exists a spherical polynomial p for which

1,
p(ﬁj)zo i=2,...,q.

Proof. Define

HHm §; || z € RY,

€ - €11,

a polynomial of degree 2 (q — 1). When restricted to S?~!, it is a spherical
polynomial, and it satisfies the requirements of the lemma. a

Theorem 3.28. The function ® of (3.109) is positive semi-definite if and
only if all coefficients cu, 1, are non-negative, 1 < k < N,,, n > 0. It is positive
definite if all the coefficients are positive.
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Proof. Begin with a set of points {{1, e ,Sq} C S% 1. When the quadratic
form in (3.106) is combined with the formula (3.109),

2

q e} n,d
Z Smg CzC] Z Qn k Z CzC]Yn,k(Sz)Yn,k(gj)
ij=1 n=0 k=1 ij=1
oo Nn,a q q
= Z Z Qn, K [Z <iYn,k(£i)] Zﬁan,k(Ej)
n=0 k=1 i=1 j=1

2

n,d

|F|ﬂ8

>
Il

2
Qo k [Z C’L nk ] 5 C € RY, (3114)

n=0 1

If the coefficients o, i, are all non-negative, then (3.114) implies that the
quadratic form for ® is non-negative for all choices of ¢ € R?, all ¢ > 1, and
all {51, e ,é'q} C S%1, thus proving ® is positive semi-definite.

Now assume that all the coefficients oy, ;, > 0. To show that ® is positive
definite, assume

q

> B(€,.£,)6¢ =0

ij=1

for some ¢ > 0, some ¢ € R?, and some {51,...,£q} C S%1. We need to
show that ¢ = 0. The formula (3.114) implies that

q
> GYan(€) =
i=1

for all of the basis functions {Y, ;:1 <k < N,, n > 0}. By taking linear
combinations, it follows that

> Gp(€) =0
-1

for all spherical polynomials p. By using Lemma 3.27, we can choose for each
i, 1 <i < g, a polynomial p that satisfies p(§;) = di;j, j = 1,...,q. This then
implies (; = 0 for each i, and thus ¢ = 0.

It is more complicated to show the reverse implication, that & being
positive semi-definite implies all e, are non-negative, although (3.114) is
suggestive of it. For this, we refer the reader to the discussion in Wendland
[118, p. 312]. O
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To motivate the choice of the form in (3.109), introduce the integral
operator IC,

K€ = [ aEm s ds ). ges

considered as an operator from L?(S?~1) into L?(S*~!), and assume its kernel
function ® is a symmetric function of its arguments. The operator I is called
positive if

(Kf, f) =0 VfeL*(s% ),

(3.115)
(Kf.f)=0 = [f=0.

It follows from standard theory for integral operators that the eigenvalues

{\;} of K are real and positive, and the corresponding eigenfunctions {1;},

Ki; = Aj;, can be chosen to be an orthonormal basis of L?(S*"!). The

following theorem is proved in Hochstadt [65, p. 90].

Theorem 3.29. (MERCER) Assume the kernel function ® : ST=1xS4-1 - R
is continuous and symmetric, and assume K is a positive integral operator.
Then

(Em) =D Nvj(€)vi(m), €&nestTt (3.116)
j=1

and this series converges absolutely and uniformly over St x §%71.

If the integral operator C is positive, then numerical integration of

rn)= [ [ e f€) s as* myastg)

by an equal weight rule leads to statements of the form (3.106) for the
particular quadrature nodes being used. Hence, (3.116) can be considered
a motivation for the assumed form (3.109). Conversely, if ® is a positive
definite function of the form (3.109), then it is straightforward to show that
the integral operator K with kernel function ® is a positive operator on
L?(S%71); moreover, the coefficients {c, } are the eigenvalues of K and the
spherical harmonics {Y;, 1} are the corresponding eigenfunctions.



Chapter 4
Approximation Theory

For functions of a single variable, there is a rich literature on best approxi-
mations by ordinary polynomials and by trigonometric polynomials. In this
chapter we discuss the extensions of these ideas to approximation on the
sphere S? in R3 and the unit disk D in R2. These results extend to higher
dimensions, but most cases of interest in applications are for approximations
on the unit sphere S?, the unit disk I in R?, and the unit ball B3 in R3.

At the center of approximation theory on S? is the concept of “spherical
harmonic”, generalizing to S? the trigonometric functions

{1,cosnp,sinny : n > 1}

used in the univariate theory on S'. For developments of the one-variable
theory, see, for example, Lorentz [77], Powell [91], or Rivlin [97]. Using
spherical harmonics, the Fourier series representation of a periodic univariate
function generalizes to the “Laplace series” or “Fourier—Laplace series”
representation of a function defined on S?. As the name implies, the use
of the Laplace series is an old idea, going back to P. Laplace and A. Legendre
in the late 1700s. Their research arose from examining the function

1
|z — y|

for the potential of a gravitational force field at a point x arising from a
unit mass at a point y. This is still a useful topic and perspective, but other
approaches to the subject are now more fruitful, especially when considering
the approximation of functions defined on the sphere. A general introduction
to the modern theory of spherical harmonics, spherical polynomials and
approximation by them on S%, d > 1, is given in Chap.2. In this chapter
we expand on this material, while also restricting it to S2.

K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit 131
Sphere: An Introduction, Lecture Notes in Mathematics 2044,
DOI 10.1007/978-3-642-25983-8_4, © Springer-Verlag Berlin Heidelberg 2012
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Section 4.1 is a study of spherical polynomials, and Sect.4.2 presents
results from the research literature on the best approximation of functions by
spherical polynomials. Section 4.3 presents analogous results on polynomials
defined on the unit disk in R%. We restrict the presentation to real-valued
functions, although there are usually straightforward extensions to complex-
valued functions.

4.1 Spherical Polynomials

If p(x) is a polynomial, then we call its restriction to S? a “spherical
polynomial”. We define

I1,,(S?) := {plg> : deg(p) < n},

the space of spherical polynomials of degree <n. Note that different polyno-
mials p can result in the same spherical polynomial. For example, consider the
two polynomials p;(z) = 1 and pa(x) = |z|? = 2% + 23 +23, which lead to the
same spherical polynomial. If we consider the corresponding approach using
a polynomial p(x1,z2) over R?, then restricting p to the unit circle results
in the function p(cos ¢, sin ), which is called a “trigonometric polynomial”.
Spherical polynomials can be considered as generalizations of trigonometric
polynomials.

To better understand spherical polynomials, we specialize to S? some
results from Chap. 2. Begin with polynomials p(z) over R3, letting

IL,(R?) := {p(a) : degp < n}.

The space H,, (R3) consists of polynomials of degree n that are homogeneous.
In the notation of Chap.2, this space is denoted as Hf’l. A simple basis for

H,(R3) is
{z%* =27"25%25° 1 |la| = +as+ a3 =n, a1, a2, 3 > 0} (4.1)
and thus
. 3 1
dim H, (R”) = B (n+1)(n+2);
see (2.3). Easily,

I1,,(R?) = Hy(R?) + Hy (R?) + - - - 4+ H,,(R?). (4.2)
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Also recall the space Y, (R3) of harmonic homogeneous polynomials of
degree n. The space Y, = Y, (S?) consists of the restrictions to S? of the
polynomials in Y, (R?), and they are called spherical harmonics. Recalling
(2.10), dim Y,,(R?) = 2n + 1.

The following result gives the relation of H,, (R?) to the spherical harmonics
Y, (R3). It is taken from [47, Theorem 2.2.2] and was proven earlier in
Theorem 2.18 for the case of a general dimension d.

Lemma 4.1. For n > 2, a polynomial p € H,, (Rg) can be decomposed as
p(x) = h(z) + |z|*q(z) (4.3)

with h € Yy, (R3) andq € H,,_o (R3). The choices of h and q are unique within
the spaces Y, (R3) and H,,_2(R3), respectively. Moreover, the polynomials
h(z) and |x|*q(x) are orthogonal using the inner product (2.6).

H, (R*) = Y, (R?) @ | - |"Hp—2 (R?) (4.4)
is an orthogonal decomposition of H,, (R3).

By letting |xz| = 1, the decomposition (4.3) implies that each spherical
polynomial p € I1,,(S?), n > 2, can be written as the sum of a spherical
harmonic of degree n and a spherical polynomial of degree n — 2. Also,
I, (S?) = Y, for n = 0,1. Using (4.2) and induction with (4.3), it follows
that the spherical harmonics can be used to create all spherical polynomials.
If this is combined with Corollary 2.15, then we have

L) =YoY:i®& Y, (4.5)

is a decomposition of II, (82) into orthogonal subspaces, with the orthogo-
nality based on the standard inner product for L?(S?),

(19) = [ fm () 5%, (16)

This decomposition (4.5) is Corollary 2.19 for the case d=3. For the
remainder of this chapter, we will consider II,, as denoting II,(S?), unless
stated explicitly otherwise.

With the orthogonal decomposition (4.5), a basis for II,, can be introduced
by giving a basis for each of the subspaces Yy, k£ > 0. The standard basis for
spherical harmonics of degree n is (cf. Example 2.48)

Y,1(€) = ¢ Pn(cost),
Yi2m (&) = cnm P (cos 0) cos(mg), (4.7)

Yo oam+1(€) = cnm Py (cos @) sin(me), m=1,...,n
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with & = (cos ¢sin @, sin ¢sinf, cosf)?. In this formula, P,(t) is a Legendre
polynomial of degree n,

Palt) = g (2 1)), (48)

see (2.70) with d = 3, and P, (t) = P, 3(t). Also, P/*(t) is an associated
Legendre function,

dm
P(t) = (—1)™(1 — t2)%mdt_mpn(t), 1<m<n, (4.9)
In the notation of Sect. 2.10,

(n+m)!
n!

Pty =(-1)™ P, 5.m/(t).

Additional information on P, () is given later following (4.74). The constants
in (4.7) are given by

2n+1
Cn = )
47
2n+1(n—m)!
Cnom = VR
’ 27 (n+m)!

Using the standard inner product of (4.6), the spherical harmonics given in
(4.7) are an orthonormal basis of Y,,. We obtain an orthonormal basis of II,,
using (4.7) and (4.5). For a development of the basis (4.7), see also MacRobert
[78, Chaps. 4-7].

Although (4.7) appears to be the most popular choice of a basis for Y,,,
other orthonormal bases for Y,, and II, are possible, both for the inner
product of (4.6) and for other weighted inner product spaces over S2. This is
explored at great length in [121] and [44].

Recall the discussion in Sect.2.8. For f € L?(S?), the Fourier-Laplace
series

fm)=>_Puf(n) (4.10)
£=0

is convergent in L?(S?) with the standard inner product (4.6) and associated
norm. The term P, f is the orthogonal projection of f into the subspace Y,
of spherical harmonics of order /¢,

20+1

Pef(m) =Y (f,Ye;) Yes(n) (4.11)

Jj=1
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using an orthonormal basis {Yz; : 1 < j < 204 1} for Yy, for example (4.7).
The convergence of (4.10) is discussed in Sect. 2.8.3. In the following section,
we include a discussion of how the differentiability of f affects the rate of
convergence.

As a part of our discussion of the convergence of the series in (4.10),
we consider the orthogonal projection operator Q, defined by

Qufim) =S Pef(m), (4.12)
£=0

which maps L?(S?) onto I1,,(S?). An important quantity in the consideration
of the uniform convergence of (4.10) in C(S?) is the norm

|| Qn”C%C-

This is discussed later in Sect.4.2.4.

4.2 Best Approximation on the Unit Sphere

For 1 < p < oo, recall that LP(S?) denotes the space of all measurable
functions f on S? for which

ity =[ [ 1spastn] < .

For p = oo, recall that C(S?) denotes the space of all continuous functions f
on S2, and we use the uniform norm

|fllec = max £ (n)] -
nes

Introduce the error of “best approximation” as follows. For f € LP(S?) if
1<p<ooorfeC(S?) for p= oo, define

Enp(f) = min [lf =gl (4.13)

A straightforward argument based on compactness and the Heine—Borel
Theorem shows that the minimum is attained; the proof is omitted here.
There is a long history in the research literature for measuring the rate at
which E,, ,(f) decreases as a function of the “smoothness” of the function f.
We note, in particular, the papers of Gronwall [54], Newman and Shapiro
[88], Ragozin [93], Rustamov [99], Ditzian [39,40], and Dai and Xu [36].
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The latter paper contains both an excellent review of the literature and an
extensive bibliography. A central concern of much, but not all, of the research
literature of the past few decades has been the relationship of E, ,(f) to
the smoothness of f. The researchers Rustamov, Ditzian, and Dai and Xu
have given various ways of defining moduli of smoothness for f, and then,
of showing an equivalence between the rates at which E, ,(f) and their
moduli of smoothness converge to zero. These results are quite deep and
are technically complicated to prove. We do not prove them in this text,
instead just giving some of the background needed for understanding them.
In addition, these papers prove results for the unit sphere S, d > 2; we
specialize these results to S2.

Ragozin [93] gives a bound on E, o (f) for f € C(S?); the paper does not
consider lower bounds for E, o (f). Ganesh, Graham, and Sivaloganathan
[50, Sect. 3] and Bagby, Bos, and Levenberg [18, Theorem 2| extend Ragozin’s
results to the related problem of simultaneously approximating f and its low
order derivatives.

To bound E, ,(f), we present results of both Dai and Xu [36] and
Ragozin [93].

4.2.1 The Approach to Best Approximation
of Dai and Xu

The results in [36] are quite general, while also giving a definition of
modulus of smoothness which relates more easily to our ordinary sense of
differentiability on S2. We begin with a method for defining finite differences
of a function f defined on S2.

Let ey, eq, es denote the standard orthogonal basis in R3. Recall from
Sect.2.1 that SO® denotes the set of all 3 x 3 orthogonal matrices with
determinant 1. For t € R and 1 <4 # j < 3, let Qs € SO denote the
orthogonal matrix which causes a rotation of size ¢ in the x;x;-plane, oriented
such that the rotation from the vector e; to the vector e; is assumed to be
positive. For example,

Qu2.4(81,62,63)T = (scos(¢ + 1), ssin(¢p + 1), &),

where (£1,&) = s (cos ¢, sin ¢). It is known that every rotation Q € SO* can
be written as

Q=Q1,20,Q2,3,0,Q1,2,60, (4.14)

for some 601,03 € [0,27), 62 € [0, 7). The angles 61, 62 and 05 are the “Euler
angles” of the rotation Q; see [117, p. 947].
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For any @ € SO®, denote

(Taf)(€) = [(Q), &€ (4.15)

and denote the rth-order forward difference based on @ by
of =~ To)" f, reN. (4.16)

As usual, A?;, f = f. There is no difficulty in interpreting this definition as
an ordinary finite difference, e.g.

Aqf(€) = f(§) — f(Q8).

To simplify the notation, let
Al f=40,,. 1 1<i#5<3. (4.17)

The result (4.14) shows the generality of the rotations Q; ;, and thus we
restrict the definition of the modulus of smoothness by referring only to these
basic rotations. Define

wr(f37)p = Sup | e, 1AL Sl reN (4.18)

The case of r = 1 and p = oo is bounded by the usual modulus of continuity
for a continuous function,

wi(f;T)o Sw(f;7)= sup [f(§) — f(n)]. (4.19)
£ mes?
0(&m<t

As with the difference operators Ay, " defined on the great circle intersec-
tion of S? with the z;z;-plane in R?, we can also define derivative operators

Dy ;. For example, consider differentiation in the great circle intersection in
the (1,2)-plane. Define

0

Dy, 5(€) = (—%

>Tf(scos¢,ssin<b7 r3), &€8S% (4.20)

with (£1,82) = (scos @, ssing), for r € N. For r = 0, D} ; f = f. Other ways
of expressing these derivatives are discussed in [36, Sect. 2|, [37, Sect. 3];
also, distributional derivatives D7 , f for general f € L (S?) are defined.
The properties of the rotations Q;;: and the modulus of continuity
function w, are given in [36, Sect. 2]. Among these is the following important
inequality that links A7 ;, to the derivatives D; ; on S2: for 1 < p < oo,
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IAT e flp < clt ID7; fllp, r=0,1,2,..., (4.21)

provided the function f is r-times differentiable over S2.

Theorem 4.2. (DAl AND XU) For f € LP(S?) if 1 <p < oo and f € C(S?)
if p= o0, it follows that

Enp(f) < crwy (f7 -11-1> ) n >0 (4.22)

for some constant ¢, > 0.

Proof. This theorem is given in [36, Theorem 3.4]. The proof is complicated
and it uses a number of results from the research literature which would take
a great deal of space to develop. For that reason, we only give an outline of
the proof; and some of the results are discussed for only p = co. The outline
follows closely the proof given in [36, p. 1250].

Using the addition theorem (2.24), introduce the reproducing kernel
integral operator

Pof(m) = 2“1/f ) Pun€)dS2(€), meS’, (>0,  (4.23)

which is also the projection operator of (4.11). In this formula, Py(t) is the
Legendre polynomial of degree ¢ on [—1, 1], defined in (4.8). Next, introduce
a C°°-function x : [0,00) — [0, 1] with

and 0 < x(¢) < 1 for 1 <t < 2. Introduce the integral operator

Vst = 3 x(£) Pusto

£=0

Kn(n-€) f(€)dS*(€), nes’ (4.24)

with
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Properties of the kernel K, are given in [23, Lemma 3.3], and in particular,
for any integer k > 0,

ckn2

m, 0<o<nr

— — )

| K, (cos )| < (4.25)

with some constant ¢, > 0.
Properties of the operator V,, are given in Rustamov [99, Lemma 3.1]; and
in particular,

Al an S Hznfl(gz);
A2 V,f = fif f eIl (S?);
A3 Foralln>1,

IVafll, < WVall, IF1, . f € LP(S?), (4.26)

where [|[V,,[|,, denotes the operator norm of V;, : LP(S?) — LP(S?).

The first two properties are straightforward, whereas the property (4.26)
is deeper and is complicated to prove; see [99, p. 316]. The operator V,, is
used to define explicitly a polynomial of degree < n for which the error of
approximating f is bounded by a constant multiple of E,, ,(f).

Consider the polynomial V], /9 f, which is of degree < n. Then by definition
of the minimax error,

Enp(f) < |f = Vinyai S, -

Using A2 from above with the constant polynomial,
. Kn(n-€)dS*(€) = L.
We now restrict to the case p = co. Then

F) = (Viayar ) () = / ) — (&) Koy (-€) dS2(€),

S

560 = Vo D] < [ 1760 = 1) [Kioar()] ds@). (427

Denote by I'(n, &) the shorter of the great circle paths that connects  and &,
and recall the definition of the geodesic distance

0(n,&) = cos ' (n-€).
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Using an argument similar to that in the proof of [36, Lemma 3.2], it can be
shown that

[f(n) = FE)] < cwr(f.0(n.8), &nes’

for a suitably chosen constant ¢ > 0. Combining this with (4.27),

1 = Vinyafllc < meaSX/y w1 (£,0(0,€)) [ K21 (n-€)] dS2(€)

Next, subdivide I'(n, ) into subintervals of arc-length < 1/n; this can be
done with no more than [n6(n, )] <1+ nd(n,£&) such subintervals. Then

| f = Vi fll o, < cw(f,1/n) max/ (1+n60(n,8)) | K2y (n-€)| dS*(E)

€s?
(4.28)
The integral on the right side can be bounded independently of n. To do so,
first note that the integral is constant as a function of 17 due to the rotational
symmetry of the integrand and of S%. Thus, it is adequate to examine
the integral for the special case of n = (0,0,1)T. Then n-€=E&3 = cos,
0(n,€)=0,0 <0 <. Also, use the bound (4.25) with k¥ = 4. Then

[+ n001.€0) Ko 2 ()| d5%(€)

2 T
264/ / (1+n9)‘K[n/2](cost9)‘d9d¢
o Jo

™ 2
§27TC4/ (1+n9)(n/2—+1>4sin9d9
0 (14+n6/2)

§27T(n/2+1)204/0ﬂ% )

where the latter inequality is obtained from

in 6
sinf _ .

sup
0<O0<m 0

Change the variable of integration by letting v =1+ n /2. Then

[0+ 0001.60) Ko i €) d5%(6)

307 (9 — 1) (u— 1)

7 du

< 27r(1+2/n)2c4/
1

u
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1

uA
Combining this with (4.28), we have

Hf Vv[n/Q fH < cwy ful/n)

for a constant ¢ > 0. This shows (4.22) for r = 1 and p = co. For 1 < p < o0,
a similar but longer argument is given in [36, Lemma 3.2].

To show the result for » > 1, an inductive argument is given in [35, Sect. 4].
We omit it here. O

By combining (4.22) with (4.18) and (4.21), we have the following corollary.

Corollary 4.3. Let r > 1 be an integer. Assume f is r-times continuously
differentiable over S* with all such derivatives in LP(S?) for 0 < p < co and
in C(S?) for p=occ. Then

c

Enp(f) < CES > 0. (4.29)

Results inverse to these are given in [36, Sect. 3.2]. We give one such result,
taken from [36, Corollary 3.5].

Theorem 4.4. ForO<a<r and f € L”(S2) ifl<p<ooandfe 0(82)
if p = oo, the statements E,,, ~ n~% and w.(f;t), ~ t~% are equivalent,
where both are statements of proportionality.

These results have been extended in [37], giving bounds using a Sobolev
space setting. Define the Sobolev space W, (S?) to be the space of functions
f € LP(S?) whose distributional derivatives D ;f € LP(S?), 1 <i < j < 3,
and which satisfy

1wy = 1Flp+ D IDFfllp < oo (4.30)

1<i<j<3

For p = oo, replace L>°(S?) with C(S?). To generalize the idea of a space of r-
times differentiable Holder continuous functions, introduce the set W)*(S?),
o € (0,1] and r > 0, to be the space of all f € Wy (S?) for which

14i,:(D7;)lp
ria = + Jax o osup —— g —— <0
||f||W ||f||p 1<i<j<3 0<|t|p<1 |t|a

n [37, Sect. 3], the relationship of these spaces Wy (S?) and Wy (S?) to
other definitions are discussed; they are equivalent or closely related to other
definitions of Sobolev spaces on S2.
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Using this framework, the following result is proven. It provides a complete
generalization to S? of the Jackson type results for approximation on the unit
circle S!.

Theorem 4.5. Let r € Ny, a € (0,1], and 1 < p < oo. Then for any
feWwpe(s?)
c

Enp(f) € ———=flwpe@y, n=0.
o) S g

Complete results for weighted best approximation over S, d > 2, are also
given in Dai and Xu [36, Sect. 4].

4.2.2 The Approach to Best Approximation
of Ragozin

The paper of Newman and Shapiro [88] presents a constructive approximation
that leads to the rate of convergence w(f;1/n) for E, (f). This construction
was used by Ragozin [93, Theorem 3.3] to extend their result to functions
that are several times continuously differentiable over S?, obtaining rates of
convergence analogous to Theorem 4.5. The results in [93, Theorem 3.3] are
for S?, d > 2; and we specialize to only S?. The analysis of Ragozin uses a
framework from differential geometry to work with differentiation of functions
f defined on S%. We briefly discuss below the ideas needed to understand this
work. In doing so, we follow closely the presentation of Ganesh, Graham, and
Sivaloganathan [50, Sect. 3].

We begin by considering the standard way of discussing the differentiability
of a function defined on S? (or on any smooth manifold in R?). At a point
x on S?, form the tangent plane, say U. The plane U will be the basis of a
local coordinate system for representing the nearby surface of S2. Select an
open neighborhood of o on S2, say V, and project it orthogonally onto U,
obtaining a planar region. Denote this mapping by ¢ : V — (V) C U.

Functions defined on V' can be reformulated as functions on U via the
mapping ¢. If f € C(V), then consider the function f defined on ¢(V') by

f(‘p(w)) = f(iL‘), zeV, (4'31)

or

flu) = flp~ @), uepV)

The region ¢(V') is a subset of the plane U; we have our ordinary sense of

~

partial differentiation when differentiating f(w) based on a coordinate system
in U. If the function f € C*(¢(V)), then we say f € C*(V), k > 0.
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We can choose a finite set of such tangent planes U so as to “cover” all
of S?, having corresponding (overlapping) regions V. With the sphere S?, six
such tangent planes are sufficient, and we denote them by Uy, ..., Us. The
corresponding (overlapping) regions on S? are denoted by Vi,..., Vs, with
corresponding mappings 1, ...,ps. We say f € CF(S?) if fi=fo ot €
C*(pi(V;)),i=1,...,6. We define a norm on C*(S?) by

For the derivatives,

lal g (a0

Doglu) = Gt = (o)
refers to differentiation within the associated tangent plane U;, using a ujuo-
coordinate system in U. With this norm, C*(S?) is a Banach space. If v €
(0, 1], we can define similarly C*7(S?) as the set of functions f € C*(S?) for
which all derivatives D*(f o ¢; '), |a| = k, are Holder continuous on ¢;(V;)
with exponent 7, 1 <4 < 6. A norm || f||cr.~(s2) can be defined analogously
to (4.32).

This definition of C*(S?) is standard and it involves ordinary partial
derivatives over planar regions, using local charts as described above.
However, other ways of referring to the smoothness of functions f € C(S?)
have been found necessary when analyzing the behaviour of E,, ,,(f), and this
is reflected in the definition (4.18) used in the analysis of Dai and Xu [36].
The work of Ragozin [93] uses a differential geometry perspective, using Lie
algebras and associated derivatives, as Lie derivatives provide a simple and
global way to describe the smoothness of functions f € C(S?). It is also a
framework for more general differentiable manifolds in R d> 2.

Recall that SO? denotes the set of 3 x 3 real orthogonal matrices A with
determinant equal to 1,

ATA=1,  detA=1;
and let g denote the set of 3 x 3 real skew-symmetric matrices D,
D' =-D.

The matrices in g can be used to generate elements of SO®. In particular, for
real ¢ consider the one-parameter family of matrices

o0 Nkyk Mk
A =m0 =3 EUED
k=0 '
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Using elementary matrix algebra, it follows that

AT = e P =P = A(t) 7Y,
AT A@) =1,
showing A(t) is orthogonal for all ¢. Trivially, det A(0) = 1; and the orthog-
onality of A(t) implies det A(t) = +1. The determinant function det B is
a continuous function of its argument B. When combined with the earlier
statements on det A(t), it follows that det A(t) = 1 for all ¢.

To aid in calculating e~*”, we use the following property of matrix
exponentiation. Assume that a square matrix B has the canonical form

B=P7'AP (4.33)

with A a diagonal matrix and some nonsingular matrix P. Then

=P le'P. (4.34)

The matrix e/ can be calculated using standard exponentiation.

As an important example, consider
0

0 0
Di=|0 0 —1]. (4.35)
01 0

Then D; = P~1AP with A = diag|0, i, —i] and

1 0 0
P=10 1 ]
01 —
Using (4.34),
1 0 0
e P =10 cost —sint

0 sint cost

The mapping « — e~ *P1x rotates = through an angle of ¢ in the xp23-plane
in R3. The matrices
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00 -1 0 -1 0
Dy=10 0 0|, Ds=1[1 00 (4.36)
10 0 0 00

yield rotations in the xixs-plane and x;xs-plane, respectively.

Some additional notation is needed. Given f € C(S?) and E € SO, the
mapping & — f(E~1€) is called the “action” of F on f; it is denoted by Eo f
and belongs to C(S?). Let 7 be a continuous linear mapping from C(S?) to
C(S?). We say T is an equivariant map with respect to SO? if

Eo(Tf)=T(Eof), VfeC(S?, VE € SO,

The following lemma is important because the construction of a polynomial
approximation in [88] is an equivariant mapping; see (4.46) below.

Lemma 4.6. Let p € C[—1,1] and define

THE = [ ple-m) 1m) ds*(). € €5
Then T : C(S?) — C(S?) is linear and continuous, and it is equivariant with
respect to SOP.

Proof. Tt is straightforward that f € C(S?) implies Tf € C(S?), and also
that 7 : C(S?) — C(S?) is linear and continuous. To show T is equivariant,
let f € C(S?) and E € SO*. Then

(Eo (THE) = / p((E71€) - ) f(m) dS*(n) (4.37)

S2

= [ @ e aste) (43)

= [ ptem s st (4.39)
=(T(E o f))(&). (4.40)

Line (4.38) follows from the invariance under rotation of integrals over S?;
and (4.39) follows from

(E71) - (B ) =€ (ETE"m) =€

due to the orthogonality of E. O

We now introduce another approach to differentiation of elements in C(S?).
Let f € C(S?). Given an element D € g, we define an “algebraic derivative”
of f, associated with D, by
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DfE) =t 1O ZTE) (PO = S(E) (4.41)

t—0 t t—0 t

if it exists and is continuous over S?. This is defined globally over SZ.
This notation can be confusing; each D € g is to be associated with a
differentiation of f over S?. The cases in (4.35)-(4.36) are of particular
importance. The following lemma is critical to the analysis of the rate of
convergence of E,, oo — 0 in [93] and to extensions given in [50].

Lemma 4.7. Let T : C(S?) — C(S?) be a linear, continuous, and SQ®-
equivariant mapping. Let f € C(S?) and D € g. If Df exists, then so does
D(Tf), and moreover,

D(Tf)=T(Df). (4.42)
Proof.

DO AE)  timg £ TH) @ = (TN )

t—0 t

Using the linearity, continuity, and equivariant properties of 7T,

D) (€) = tim 72 0) € ~ TIE)

t—0 t

(P o f) (&) — F(&)
t

=T lim

t—0

= TDf(&). 0

A new space of differentiable functions is introduced in [50, p. 1396].
Cog ={f€C(S*): Df € C(S*) for all D € g} .
Inductively, for & > 1,

alg — alg

ok = {f e k1. Df e CF1(S?) for all D € g} (4.43)

with C? g =C (S?). A norm is introduced based on the algebraic derivatives

associated with Dy, Ds, and D3 from (4.35)—(4.36). For a multi-index o =
(a1, 2, a3), consider algebraic derivatives

D® = D{" D3?Dg*. (4.44)
For f € Cflg, define

[f[lx,a15 = max{|[Dfllc : ] <k},
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where the derivatives D f are restricted to those of the form in (4.44). The
following is shown in [50, Theorem 3.4]; we omit the proof.

Theorem 4.8. For k >0, Ck, = C*(S?). In addition, there are constants
ck,d, > 0 such that

crll fllwatg < Iflore) < dillfllkag ¥ € C5(S?). (4.45)

This says that smoothness of a function f in C’flg is equivalent to
smoothness in the sense of the classical space C*(S?). The space of rotations
SQ? is called the full orthogonal group for R® and it is an example of a Lie
group. The space g is a Lie algebra, and the derivative in (4.41) is a Lie
derivative.

We return to the problem of bounding the minimax error E, o(f).
Newman and Shapiro [88, p. 216] created a special operator for generating
good polynomial approximations. They did so for only even degrees n, say
n = 2m. Since E,, o (f) is monotone nonincreasing with E, - — 0asn — oo,
there is no problem with such a restriction on n. Let P, 4+1(¢) be the Legendre
polynomial of degree m + 1 on [—1,1], and let \,,41 denote its largest root.
Define

t— )\erl

Ka(t) = (

This is a polynomial of degree n = 2m. For f € C(S?), define

/ K. (€&-m) f(n)dS?(n)
Taf(§) = =&

S2Kn(£ -m) dS?(n)

,  €£eS%h (4.46)

The denominator is independent of &,

/Kn(s-n)ds2(n):27r/ K, (t)dt.
S2 -1

The function T, f(€) is a spherical polynomial of degree < n; and T, :
C(S?) — 11, is a linear, continuous, and equivariant mapping. The following
result is proven in [88, pp. 213-216].

Theorem 4.9. (NEWMAN AND SHAPIRO) Assume f € C(S?). Then

I =Tl < co(fity) o n20 (1.47)

for a suitable constant ¢ > 0 that is independent of n and f.
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Note that E, o(f) is the minimum of all approximation errors, and
consequently,

Equation (4.47) bounds E,, (). This applies also to the bound given below
in Theorem 4.11.

Ragozin showed how to use this construction to obtain improved bounds
for E, o(f) when f has additional smoothness. In particular the following
theorem is proven in [93, Theorem 2.1]. We begin with his definition
of modulus of continuity for algebraic derivatives. Refer to the algebraic
derivatives associated with Dy, Da, and D3 from (4.35)—(4.36). For a function
f € CFF1(S?), define

3
WR(FOh) == " w(D;f;h),

j=1
3

W n) =)W (D)W h), k> 1
j=1

By means of Theorem 4.8, we can interpret these as standard moduli of
continuity for functions in C*(S?), k > 1.

Theorem 4.10. (RAGOZIN) Let T : C(S?) — C(S?) be a continuous,
equivariant linear mapping. Suppose that T satisfies

If = Tfllo < Aw(fih) VfeC(S?)
with some constant A > 0. Then T :==1— (I — 7’)k+1 satisfies
IS =k TSl < AIREWR(FW0) W f € CH(E?).
Moreover, Range (. T) C Range(T).

Using this, Ragozin [93, Theorem 3.3] proved the following.

Theorem 4.11. Let T, be the operator defined in (4.46), and let T, :=
I—(I=T)" Then

I1f =k Taflloo < Apn~*wf (f(’“); ) . n>0,VfeCkS?) (4.48)

n+1
for some constant Ay > 0.

As a corollary, assume f € C*7(S?) for some v € (0, 1], meaning all of the
kth-order derivatives of f satisfy

9(€) —gm)| < cuny(f)IE—m",  &meS?,
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where g is a generic designation of all such derivatives and ¢4, (f) > 0 is a
constant. Then

By.ck~(f)
(n+1)F7

The constant By > 0 is independent of f and n. This bound is of the same
order as that given earlier in Theorem 4.5.

En(f) < > 0. (4.49)

4.2.3 Best Stmultaneous Approximation Including
Derivatives

Theorem 4.11 on the rate of uniform convergence of best approximations
to a function f € C(S?) has been extended to the case of simultaneous
approximation of f and its low-order derivatives. Ganesh, Graham, and
Sivaloganathan [50, Theorem 3.5] used the above framework to study the
simultaneous approximation of a function f and its derivatives up to a given
order /.

Theorem 4.12. (GANESH, GRAHAM, AND SIVALOGANATHAN) Let ¢ > 0.
Forn>0,let Ty, :=1—(I — 7;1)£+1 with Ty, as defined in (4.46). Then there

exists a constant ¢, > 0 such that
1f =e Taflly < cen® N flloesy . O<k<EVfeCi(S?).  (4.50)

The proof is omitted except for the note that a crucial role is played by
T, being equivariant, namely that

IDH(f e Taf)llo = 1D = Ta D fl

This permits the application of Ragozin’s Theorem 4.11 to D f.
An alternative derivation of the bound (4.50) is given in Bagby, Bos, and
Levenberg [18, Theorem 2]. To carry it out, we first discuss an extension of

f to an open neighborhood of S?. Given f € C(S?), define fas follows:
~ T
f(m)—f<m>7 l—e<|z|<1l+e¢ (4.51)

for some 0 < € < 1. Denote this open neighborhood of S? by Q.. The mapping
f extends f as a constant in the direction orthogonal to S2.

Recall the multi-index notation & = (g, g, a3) used in (4.1). With it we
recall the derivative notation

ar a|a|f(xlax25I3)
Do (@) = s dugroan

(4.52)
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It is straightforward to show that
feC(S?) = feC (), reN. (4.53)

The following is proven in [18, Theorem 2].

Theorem 4.13. Assume f € C"(S?) for some r € N. Then for each n € Ny,
there is a polynomial p, € I1,,(R3) for which

HDaf/l\_ D%p,

c -~ .
oo S el > D Flic.), ol < min{f,n} (4.54)
: lvl<e
for some constant ¢ > 0.

The bound (4.54) for spatial derivatives of f can be related back to
associated surface derivatives of f via (4.51) and to the norm for C*(S?)
given in (4.32). This is omitted here.

4.2.4 Lebesgue Constants

The Laplace expansion (4.10) of f € L?(S?) is given by

Fo) =33 (f.Yau) Yie(m), mes’ (4.55)

=> > (Yoo Yieln),  mes (4.56)

see (4.12). Recalling (4.23), the projection Py f of (4.11) is given by

Poflm) = 22 (5, Pulo))
=2 [ b6 pyn€) dS? (&)

47 S2

with Pp(t) the Legendre polynomial of degree ¢ on [—1, 1], defined in (4.8).
From [50, p. 1399],
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0ufm) = " E (1. P (o))
=t ~ [ @RIV dsre).  mes (4.57)
m §2

The function P{"% (t) is the Jacobi polynomial of degree n associated

with the weight function w(t) = 1 — ¢t on the interval [—1,1]; see (4.73)
below. The function Q,, f is the orthogonal projection of f onto the subspace
I1,, of L?(S?) and it satisfies

||f - an||L2(S2) = ;211111 Hf — g”Lz(Sz). (458)

The orthogonal projection operator Q, has norm 1 when regarded as a
mapping from L?(S?) to L?(S?).

Let f € L*(S?). Recalling the definition of best approximation in (4.13),
let p,, € II,, be a best approximation to f in C(S?) using the uniform norm.
Then

f=CQnf=1[=pn—Qu(f—pn)

The operator I — Q,, is also an orthogonal projection and thus has norm
1 as an operator from L2(S?) to L?(S?). Applying the L?(S?) norm and
using (4.58),

1f = Qnfllrzs2y < f = pullre(s?)
<27 || f = Pulloo
<27 En oo () (4.60)

Apply Theorem 4.5 or Theorem 4.11 to obtain a bound on the rate of
convergence of Q, f to f in L?(S?).

In order to discuss the uniform convergence of Q,, f on S?, use the uniform
norm || - ||s and, as before, bound f — 9, f via (4.59). Then

1f = @nflloc <A+ |2nllc=c) [If = Pnlloos

Thus we obtain uniform bounds for the error in the truncated Laplace series
for f by finding a bound for ||Q,||c—c. This is often called the “Lebesgue
constant” for the approximation Q, f.

Recalling (4.57), we notice the projection Q, is an integral operator.
Bounding || 9, ||c—c is equivalent to finding the operator norm of this integral
operator from C(S?) to C(S?), a well-known process. In this case,
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n+1
[ Qnllcme = " ma [
v 2

nes?

PO (1:6)| dS?(€).

Using symmetry in & € S2, this integral over S? is constant and thus it
simplifies to

n

+1
19ullec = "= [ [P0 as?m)

n+1

= /1 ’Pr(ll’o) (z)‘ dz. (4.62)
-1

In Gronwall [54], this is shown to lead to

1 2
lim —|| 9, =21/ —. 4.63
Jm joulene =22 (4.63)

Hence,

2
1Qnllc~e &~ 2\/jﬁ for n sufficiently large. (4.64)
T

The generalization of this to S? for any d > 2 is given in [94].

Corollary 4.14. Assume that f € C*7(S?) for some k > 0 and some 7 €
(0,1], and further assume that k + v > % Then

c
If = Qnflleo < hA—1/2

for a suitable constant ¢ > 0. Thus the Laplace series (4.55) is uniformly
convergent in C(S?).

Proof. Tt is a straightforward combination of (4.49), (4.61), and (4.63). O

Evaluating Q, f requires evaluating the integral coefficients (f, Y% ).
A numerical method for doing so is given in Sect.5.7.1.

4.2.5 Best Approximation for a Parameterized
Famaly

Consider approximating a function u(&,t) with 0 < ¢ < T for some T > 0.
Approximating such functions occurs when solving problems over S? with a
dependence on time ¢. Error bounds often depend on some norm involving
both the spatial variable £ and the time variable ¢. The earlier error bounds
for best approximation can be extended to such approximation over S2,
obtaining polynomials over S? that vary with ¢. We present one approach
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to doing so by using the construction from Theorem 4.11. As notation, let
uy = u(-,t), t €[0,T].
Using (4.46), consider

Ko (&m) u(n,t) dS*(n)
Truy (&) = 252 , £es? (4.65)
| matem asim)

Then T,u; € II,, and thus has coefficients that are functions of ¢. Note that
if u is continuously differentiable with respect to ¢, then we can differentiate
Trus with respect to t, obtaining yet another polynomial in II,,,

ou(n,t) ;o
5 45 (M)

/K nds2(m)

This same process can be applied to powers of 7, and thus to the operator
iTn=1—(1- E)kﬂ introduced in Theorem 4.11. The quantity ,7,u; is a
polynomial in II,, for all ¢ € [0, 7], as is its derivative 9 (T, u.) /Ot.

We can apply (4.48) from Theorem 4.11 to obtain error bounds for 7, u;
and its derivatives with respect to t:

P R En) ——

o7 (Tau()) = = £es’.

1
[y =k Towell o < Apn™F wh (Ul(ek); n_—|—1) ;

4.66
RN (4.66)
o R ot "n+1/]°

Using (4.45), we can relate these bounds to the differentiability over S? of w;
and Ouy/0t. Assume, ug, Ouy /Ot € C*7 (S?), k > 0 and some v € (0, 1], for
0 <t < T. Further assume that the kth-order derivatives of u; over S? satisfy

aut 8 (kﬁl’ut)
ot ot

l9:(€) — g:(n)| < Crny |€ —m|", &nes? 0<t<T,
9g+(§)  Ogi(m)| _ ¥ 2
_ N <« — <t<
’ 815 815 _ck,v |£ ’l’]| ) 57,’768 ) O_t_Ta

where g; is a generic such derivative and ¢, > 0 is a constant dependent on
u, k, and . Combining (4.66) and (4.45),

Our 0 (kToue)

ot ot

Bio
maX{Iluze —k Tnwtll o » ’ ]<( kCh,y n>0,0<t<T
o0

T (n+)MT T
(4.67)

for a constant By > 0 that is independent of v and n.
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4.3 Approximation on the Unit Disk

We consider the approximation by multivariate polynomials of functions
defined on the unit disk B> = {@& € R?: |&| < 1}. Let II,(R?) denote that
space of all polynomials p in the variable © = (21, x2) of degree less than or
equal to n,

plx) = Y ai;ziad.
i+i<n

It is straightforward to show that
1
dim IT,, (R?) = 5 (n+1)(n+2).

Later in this section we discuss bases for IT,, (RQ) that are orthogonal over B2.
Given f € C (E2), define

En(f) = min 1f =9l (4.68)

Using the Weierstrass Theorem, F,,(f) — 0 as n — co. A natural question
is to ask how this convergence is affected by the differentiability of f. One
answer to this was given in Ragozin [93]. We begin with some notation. For
partial derivatives of a function f, we proceed in analogy with (4.52):

o 0 fay, @) B
D f(m)—W, Oé—(Oél,OZQ).
Define
£l = > 11D flloos
|| <7
w(f;h)= sup |[f(z)— f(y)l,
lz—y|<h
w(fTh)y =Y w(Df;h).
|| =r

The following result is from Ragozin [93, Theorem 3.4].
Theorem 4.15. Given f € CT(EQ),

En(f)gm(@ +w<f<r>;%>>, n>1, (4.69)

nT’

with C(r) > 0 dependent only on r.
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If all derivatives D f with || = r satisfy a Holder condition with exponent
€ (0,1], then it follows immediately from (4.69) that

E,(f) = Omn= ), (4.70)

Additional results on best approximation in LP(B?) are given in Dai and Xu
[36, Part II], and an extension of (4.70) is given in [37, Corollary 5.9].

For simultaneous approximation of f and some its low order derivatives,
we have the following result from Bagby, Bos, and Levenberg [18, Theorem 1].

Theorem 4.16. Assume f € C'T+m(@2) for some r,m > 0. Then

inf  max ||[D*f — D%p||o < c(f,m)
p€ell, (R?) |a|<r nm

Wm-l-r(fvl/n)a n>1
with
Wm+r(f,0) = max sup |D*f(z) - D*f(y)|.

la|=m+r le—y|<d

4.3.1 Orthogonal Polynomials

We proceed in analogy with the decomposition (4.5) for IL,(S?). Let Vo
denote the set of constant functions on B2, and define

Va={pel,(R*) :p LI,_1(R*)}, n>1,
p LI, 1(R?) < (p,q) =0 Vqell,_1(R?),

(p,q) = /32 p(y) a(y) dy. (4.71)

Then we can write

IL(R*) =Vo Vi@ - @ Vn. (4.72)
To generate an orthonormal basis for II, (BQ) using the inner product of
(4.71), we must generate an orthonormal basis for the space Vi and show it

is orthogonal to II;_1 (BQ), k>1.
The dimension of Vj, is

%(k+1)(k+2)—%k(k+l)=k+1.
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For k > 1, there is no unique orthonormal basis for V. There are a number
of well-known orthonormal bases, and we give two of them. An excellent
development of this topic is given in Xu [121], along with connections to
orthonormal bases over other standard regions, including the sphere, and to
weighted Lo spaces over B2.

We begin with some notation and results for some important orthogonal
polynomials of one variable. As additional references, we refer the reader to
[5, Chap. 5], [9, Sect. 4.4], [52, 115]. In addition, see the handbooks
[1, Chap. 22] and [89, Chap. 18].

The Jacobi polynomials {P,S""ﬁ) in > O} are the polynomials that are
orthogonal on [—1, 1] with respect to the inner product

(f.9)= /_1 FH)gt) (1 =8 (1 +t)dt.

It is assumed that a, 8 > —1. There are various ways of writing the Jacobi
polynomials. For example,

CU ey 577; (=™ (0] (1)

() =

2m !

The Jacobi polynomials are normalized by requiring

Pl (1) = (”+O‘>, n=0,1,....

n

We have
1 2
/ [Pen@] -0+ o) ar
1

2oL Tn+a+1)T(n+pB+1)
C2nta+B+1 nlT(n+a+p+1)

There are several important special cases, with all being a constant multiple
of an appropriate Jacobi polynomial of the same degree.

e The Legendre polynomials, P, (t). Take a = § = 0. These are discussed
in extensive detail in Sect.2.7, and we review here only a very few
of their properties. The inner product associated with the definition of
orthogonality is simply

(f.g) = /_ T
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Then

P,(t) = (2_71111! jT: [(1 —tQ)"}, n=12,... (4.74)

with Py(t) = 1; recall (4.8). Note that P, (t) = P, 3(t) in the notation of
Chap. 2. They are normalized with P, (1) =1, n > 0. Also,

The triple recursion relation is

2n+1 n

tP,(t) — ——
n+1 (*) n+1

PnJrl(t) = Pnfl(t), n = 1,2,....

* The Chebyshev polynomials of the first kind, T,(t). Take o = 8 = —31.
The inner product is

1
o= [ 228
Then

T,(t) = cos(nf), t=cosh, n=0,1,....

Note that T},(t) = P, 2(t) in the notation of Chap. 2. They are normalized
with T,,(1) = 1. Also,

/1 L), [smn=1,

_1\/1—t2 7T,7’L:0,

(=1/2,-1/2)
Tu(t) = T
P7(;1/2,71/2)(1)

The triple recursion relation is
Tn+1(t):2tTn(t)—Tn_1(f), 7’L=1,2,....

* The Chebyshev polynomials of the second kind, U, (t). Take o = 8 = 3.
The inner product is

1
(f,g)z/_lf(t)g(t) 1—t2dt.
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Then

_ sin(n+1)0

U,(t) = , t=cosf, n=0,1,....

sin 0
They are normalized with U, (1) = n+ 1 for n > 0. Also,
1
1
/ [Un(0)] V1 —t2dt = 5™ n=01..,
—1
P7(11/2,1/2)(t)

The triple recursion relation is
Uns1(t) =2t U,(t) — Up—1(2), n=12.... (4.75)

* The Gegenbauer polynomials, Cp (t) with A> —1, A#0. These polyno-
mials are briefly discussed in Sect.2.9. Take o = = A — % The inner
product is

(f.o)= [ fgt)(1—2)"* ar

Then define
(2)) A—1/20—
Cn t) = n P( 1/2,A-1/2) t
J\( ) ()\ T %)n n ( )
(2X) 2y3—r d" 2\A=3+n
- n 1—¢2)2 —[1—15 2 }
e 1) (1
n=0,1,..., where Pochhammer’s symbol (v),, is used. They are normal-
ized with the condition
n+2\—1
Cpa(l) =
= ("

for n > 1; and Cp A(1) = 1. Also,

1 2 A-3 2 g T2 7T (n+2))
/_1 (1= )" "2 [Cun ()] dt = al(n+A) T2

The triple recursion relation is

2(n+A)
n+1

_n+2/\—1

Cn-l—l,)\(t) = n+1

Cra(t) Choia(t), n=1,2,....
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Ezxample 4.17. Returning to the definition of an orthonormal basis for the
subspace for V,,, we generally denote it by {¢{, o1, ..., o0}
Forn=0,1,... and k=0,1,...,n, define

k xT
(,OZ(:E) = h/kyncnfk’kJrl (:171) (1 — :E%) /2 Ck,1/2 (—2> y (476)

with Ay, so chosen that ||} |2 =1,

P = 27K

(n—k)!(2k+1)(n+1)r
Tm(n+k+1)!

To prove that
(PR ") =0, (n,k) # (m, 1),

and to obtain the formula for hy, ,,, apply the following identity suggested by
[121, p. 138],

Y
- f(.’])) dm = /_1/7 171‘% f(.fCl,IQ) dIl dIQ

11
= x1,8 1—x2> 1—22dx, ds
L Lo (ani=at) i stan

and use the identities given earlier for the Gegenbauer polynomials. Figure 4.1
contains a graph of ©}(x) over B?. O

Ezxample 4.18. Forn=0,1,... and £k =0,1,...,n, define

1 km km
n(z) = — U, B i : 4.
op(x) ﬁU <x1cosn+1+xgsmn+1) (4.77)

This family of polynomials was introduced in [76]. These are sometimes called
“ridge polynomials” as they are constant along the lines

1 COS

7T1 + xo sin = constant,

looking oscillatory along a perpendicular to this line. As an illustrative
example, Fig. 4.2 contains a graph of ¢} (x) over B2. This family is particularly
useful when there is a need to calculate partial derivatives of the basis
functions. Recurrence formulas for low order derivatives of U,, can be obtained
by differentiating the recurrence relation (4.75). (]
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Fig. 4.2 The ridge polynomial ¢f(x)

Another family of orthonormal polynomials over B? is given in [121, Sect.
1.2.2]. And yet another family of orthonormal polynomials are the Zernike
polynomials; see [117, p. 3234].
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4.3.2 Properties of Orthogonal Polynomials over B2

Orthogonal polynomials of one variable have a number of special properties;
for example, they satisfy a triple recurrence relation, as is illustrated with
the orthogonal polynomials given earlier. Some of these properties generalize
to the multivariable case, and a thorough discussion of this topic is given in
Xu [121]. We present one such generalization from [121]: the triple recursion
relation.

We begin by introducing some additional notation. Let

n o n n1T
D,(x) =g, ¢t on] , n=0,1,....

It is important to note that even though there are many possible bases for
each subspace V,,, the subspace decomposition (4.72) for IT,, (RQ) is invariant.
By looking for a relationship between the subspaces V,, it is possible to
generalize the proof that is used often in deriving the triple recurrence relation
for univariate orthogonal polynomials.

For n > 1, multiply ®,,(x) by z; for ¢ = 1,2. Then each component of
x;®,, () will be a polynomial of degree n + 1. As such, each component can
be expanded using the orthonormal basis {¢}" : 0 <£<m, 0 <m <n+1}
for 1I,4+1 (Rz). Using the orthonormality of our basis functions and the
decomposition

L1 (R?) =Vo @ Vi@ @ Vo1,

we have
n+l m

vioy () = Y Y (wipl, o) o7 (). (4.78)

m=0 £=0

Consider each coefficient
(i) = [ aei(e) o' (o) da.
B

The function z;¢}"(x) is a polynomial of degree m + 1. For m < n — 2, use
the orthogonality of ¢} (x) to Vy,. .., Va1 to obtain

(xipl, 0p") =0, 0<l<m, 0<m<n—2.
Returning to (4.78), we have
n+1 m

iy (o Z Z TioR, i) i (T).

m=n—1 =0
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In vector notation,
xzq)n(:c) = An,iq)n-i-l(w) + Bn71(1)n(ilt) =+ Cmiq)n_l(ilt), 1 =1,2. (479)

The matrix coefficients are given by
Api= /32 ;P (x) @ZH(:B) dx,
By = / 2,0, (x) O () de,
B2
Ch,i = / 20 (x) Oy (z)do = A}, ;.
B2

See Dunkl and Xu [44] and Xu [121] for a complete introduction to
multivariable orthogonal polynomials on the unit sphere, the unit ball, and
the unit simplex in R%, d > 2.

4.3.3 Orthogonal Expansions

The set of all polynomials over R? are dense in L?(B?); this follows from the

. =24 .
Weierstrass theorem and the denseness of C'(B”) in L?(B?). As a consequence,
we consider the orthonormal expansion

flx) = (f, o) k' (), =€ B (4.80)

Quf(@)= 33 (fel) ei(2). @B (4.81)

is the orthogonal projection of f onto the subspace II,,(R?) of L?(B?). This
means that

If = Qnfllezee = wmin If = gllz2@2)- (4.82)

The projection Q,, has norm 1 as an operator from L?(B?) to L?(B?).
Assume f € C(B?). Recalling (4.68), let p, € II,(R?) denote a best
approximation for which E, o (f) = ||f — pnllco- Then
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because Q,pn = pn. The operator I — Q,, is also an orthogonal projection
and has norm 1. Applying the L?(B?)-norm and using (4.82),

1f = QnfllLe@ey < If — pullLeme)
S \/E”f_pnnoo

Theorem 4.15 can then be applied to bound the order of convergence of Q,, f
to f in L?(B?).
To obtain a bound for the rate of uniform convergence of Q, f to f, we

proceed similarly. In particular, we have from (4.83) that

If = Cnflloe < 1+ 11Qnllc—c) En,co(f)- (4.84)

We need to bound ||Q,||c—c, the operator norm for Q,, when it is regarded
as a linear operator from C(B?) to C(B?). From [120, (1.2)],

Q.f(w) = [ Gulwy) fw)dy. @ e
Gn(z,y) = ﬁ((;b—j:;' /07T BS%’%) (:B Y+ \/1 - |w|2\/1 - |y|2605w) di.

In addition,

19nllcme = max / 1Go(x, )| dy
xcB?2 B2

with the latter result taken from [120, Theorem 1.1].

Corollary 4.19. Assume f € C"(B?) with r > 1; and further assume that
the rth-derivatives satisfy a Holder condition with exponent « € (0,1]. Then
Onf converges uniformly to f on S?, and

1f = Qufllso < —72 (4.86)

for some constant ¢ > 0.
Proof. Combine (4.70), (4.84), and (4.85). O

Evaluating Q,f requires computing the integral coefficients (f,¢}").
A numerical method for doing so is given in Sect. 5.7.2.



Chapter 5
Numerical Quadrature

In this chapter we discuss numerical approximation of the integral

I(f) = 5 f(n) dS*(n). (5.1)

The integrand f can be well-behaved or singular, although our initial
development assumes f is continuous and, usually, several times continuously
differentiable. Such integrals occur in a wide variety of physical applications;
and the calculation of the coefficients in a Laplace series expansion of a given
function (see (4.55)) requires evaluating such integrals.

Another important source of such integrals (5.1) comes from transforming
an integral over a more general surface to an integral over S?. Assume we
have a mapping

M :§? 15300, (5.2)

onto

where € is a simply connected region in R3 and 99 denotes its boundary.
This mapping is usually assumed to be continuously differentiable, thus
eliminating regions €2 for which the boundary has corners or edges. Using
this mapping, the integral of a function g over 02 can be transformed to an
integral over S2. In particular,

/ o(w) do () = / o(M(n)) Jaa(m) dS° (), (5.3)
o0

S2

where Jq(n) denotes the absolute value of the Jacobian of the mapping M.
As an aid to the construction of this Jacobian, see the appendix in [11].

In addition to the notation x = (z1,22,73)7, we will also write
x=(x,9,2)T on occasions; and in two dimensions, we use x = (x1,22)7
or ¢ = (z,y)T.

K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit 165
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Ezxample 5.1. Let ) denote the ellipsoid with boundary
N 2 y)z (z)z
Z 4 Z) =1 5.4
( a ) + ( b + c (54)
for some constants a, b, ¢ > 0. The mapping M is given by

M n— (C”Ih bTIQa C773) y ME SQ' (55)

Its Jacobian is given by

Tna(m) =/ (benn)? + (acmz)? + (abns)*. O

We refer to formulas for the numerical approximation of I(f) as quadrature
formulas or numerical integration formulas. There are a variety of approaches
to developing such quadrature formulas and we examine several of them
in this chapter. We begin in Sect.5.1 with methods based on I(f) being
represented as a double integral using spherical coordinates, followed by
application of suitably chosen single variable quadrature schemes. In Sect. 5.2
we look at composite methods that are based on giving a mesh on S?
and then using a simple formula for quadrature over each element of the
mesh. In Sect. 5.3 we discuss high order methods that generalize the concept
of Gaussian quadrature for functions of a single variable. In Sect.5.4 we
give a simple approach to the numerical integration of empirical data. In
Sect. 5.5 we discuss a numerical integration method for integrands containing
a point singularity, and in Sect. 5.6 a brief discussion is given of numerical
approximation of integrals defined on the unit disk in the plane. The chapter
concludes in Sect. 5.7 with a discussion of the use of numerical integration
to approximate the truncated Laplace expansion on S? and the truncated
orthogonal polynomial expansion on the unit disk B? in R2, which are
concepts introduced in Chap.4. In this chapter we consider mainly the
approximation of integrals on S?, and for that reason, we simplify our notation
for spherical polynomials by using II,, rather than IL,,(S?).

For a summary of multivariate quadrature, see the book [111] and the
papers [32], [33].

5.1 The Use of Univariate Formulas

The easiest approach to approximating I(f) begins by using spherical
coordinates,

n — (cos@sinf, singsinb,cosh), 0<¢d<2m, 0<6<m,

leading to

2m ™
I(f):/o /0 f(cos¢sinf,sin ¢sin b, cos @) sin 6 do de. (5.6)
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We can now use single variable numerical integration on each of the iterated
integrals.

Since the integrand is periodic in ¢ with period 27, it is sensible to use
the trapezoidal rule with uniform spacing,

- 27 - m . o7
o= [ s@ao~Tu@ =1y sn. h=20  (50)

The double-prime notation implies that the first and last terms should be
halved before the summation is computed. Since g is periodic over [0, 27],
this simplifies to

Tn(g) = Y gG1) = 1Y g(sh)

Later we need the following standard result for the trapezoidal method.

Lemma 5.2. Form > 2,k >0,

27 —
/ cos(ke) dp = { 2m, k=0, (5.8)
0

0, k>0,
m—1 .
2 2 2, k=0,m,2m,...,
—ﬂz cos( —jw> = m " (5.9)
m = m 0, otherwise,

2 m—1 .
. 27 . 297
I -~ ) = > 0.
/0 sin (k¢) d¢ — E sin (k - ) 0, k>0

Jj=1

Proof. For the trapezoidal rule sums, combine the identities

1. .
cos(w) = 3 (e +e ™),
. _ 1 Tw —w
sin(w) = 5 (e —e™™)
with the summation formula for a finite geometric series. O

The trapezoidal rule converges quite rapidly in the case that g is a smooth
function. To discuss convergence for periodic functions, we introduce suitable
function spaces. Begin by introducing the Fourier series of a function f €
L?(0,27):

@)=Y au(e),  vr(g) = —=e*?,

k=—o00
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a = /0 Trf(o.)) Y (w) dw. (5.10)

For any real number ¢ > 0, define H?(27) to be the set of all functions
g € L?(0,27) for which

oo

2 2 2
1l = laol* + D k™ |ar|* < oo,
k=—oc0

k0

where (5.10) is the Fourier series for f. The space H?(27) is a Hilbert space,
and the inner product associated with it is given by

(f,9)q = aobo + Z K[> b,
k=—o0

k0

where f and g have the Fourier series with coefficients {axr} and {by},
respectively. When ¢ is an integer, the norm for HY(27) is equivalent to
the norm for H%(0, 27). The following is a well-known result; for a proof, see
13, p. 316].

Theorem 5.3. Assume q > 3, and let g € H9(2r). Then

(o) ~ Inl)| < Yo L20

lglly, m=1, (5.11)

where ¢ denotes the zeta function,

s) = Zjls
j=1

The remaining integral in (5.6) for 0 < 6 < 7 is more problematic.
To obtain an efficient numerical integration method for (5.6), the integration
in # must be chosen with some care. Begin by using the change of variable
z = cosf in (5.6),

(f)= /027T /llf(cosgb\/ 1— 22 singpvV1— 327z) dz d.

Then apply Gauss-Legendre quadrature to the integration over —1 < z < 1.

More precisely, given n > 1, apply the trapezoidal rule with m = 2n
subdivisions to the integration in ¢, and apply Gauss—Legendre quadrature
with 7 nodes to the integration in z over [—1,1]. Let
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h=",  ¢,=jh, j=0,1,...,2n.
n

Let {#z1,...,2n} and {wy,...,w,} denote the Gauss-Legendre nodes and
weights, respectively, over [—1,1]. Then define

2n—1 n
I,(f)=h Z Zw;ﬁ(cosqﬁﬂ/l — 2z, singjy/1 — z,%,zk)
j=0 k=1
2n—1 n
=h Z Z wg f (cos ¢; sin Oy, sin ¢; sin Oy, cos O, (5.12)
j=0 k=1
where z; = cosf;, j =1,...,n. We call this a “product Gaussian quadrature

formula”.

Theorem 5.4. Assume f € Ilan—1, a spherical polynomial of degree less
than or equal to 2n— 1. Then I(f) = L,(f). In addition, for f(x,y,z) = 22",

I(f) # In(f).
Proof. Let

flz,y,2) =a"y*2", r4+s+t<2n—1.
Using spherical coordinates,
(z,y,2) = (cos ¢sin b, sin ¢psin b, cos ) ,

we obtain

I = / xryszt dU = Jr,sKr,s,t,
S2

27
AR / cos” ¢sin® ¢ do,
0
Kmt = / sin” 5+t 0 cost 0 d6.
0

For the corresponding numerical integral, we have

2n n

_ T s t _ gr,sgpor,s,t
1, = E E WET] L Y5 K2k =J K%
j=1k=1

2n
TS __ T oL i S A
gy —hg cos” ¢;sin” ¢,

j=1
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n

K} t— E wy sin” 4 6, cos? 65,
k=1

The numbers {z;,Y; .k, 2k} refer to the cartesian coordinates of the points
on the sphere obtained by using the spherical coordinates {¢,} and {0},

(ks Yj ks 2k) = (cOS @ sin b, sin ¢; sin Oy, cos b, .
We are interested in analyzing the error
) )85t ) )8t
E,=1—-1,=J°K"" — JOS K"

At this point we break into cases.
Assume now that r is odd and s is even. Using the properties

we have
27
J" = /0 cos” ¢ sin® pdp = 0.
The same properties will show that
2n
Jt = hz cos” ¢; sin® ¢; = 0.
j=1

Similar arguments show that when r is even and s is odd, or when both are
odd, J"* = J}»* = 0. Therefore, I — I,, = 0 in these cases.
For handling J™*, we begin by writing

cos” ¢ sin® ¢ = (cos” ¢) (1 — cos® ¢) o/2

This is a polynomial in powers of cos? ¢, with the highest degree term being
cos" s .
To look at even powers of cos ¢, say 2/ for £ > 1, use the identity

(cos¢)* = 47" ( ) 22( )cos (2j¢)
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This can be proven by expanding

i —ig 2¢
o= (5"

Using (5.8) from Lemma 5.2 with m = 2¢, it follows that

2n—1

2
/ (cos 3)* do = h Z (cos ¢j)2€
0

Jj=0

for 0 < 2¢ < 2n — 2. This then proves J™* = J»% for r and s even, r+s+1¢ <
2n — 1. For the error E, »,, we can now write

En — Jr,s (Kr,s,t _ Kr?s’t)

and only the error in the Gauss—Legendre quadrature must be considered.
Consider now K™**? again with r and s even. Let z = cos 0,

1

i 1 TS
K™t = / sin" ™19 cost 0 dh = / 24 (1— 22) 209 g
0

-1

This integrand is a polynomial in z of degree r + s +t¢ < 2n — 1. Since
Gauss—Legendre quadrature with n nodes is used in defining K»**, we have
Kot = Krst Thus I — I, = 0.

Combining these results, we have I = I,, for any monomial f = z"y*z with
r+s+t<2n—1,rs,t> 0, completing the proof that the degree of precision
of I, in (5.12) is at least 2n — 1. If we now consider f(z,y,z) = 22", then
I —I,, is simply the error in the Gaussian quadrature formula for integrating
2?7 and this is well-known to be nonzero (see [9, (5.3.16)]). O

We now look at an error bound for the product Gaussian quadrature
formula (5.12). Recall the results from Theorem 4.5 on best uniform
approximation by spherical polynomials. The minimax error for the uniform
approximation of a function f € C(S?) by a polynomial from II,,, is defined by

Em,OO(f) = prinIn Ilf = plloo-

Let p}, denote a polynomial from IT,,, for which this minimax error is attained.
An elementary argument shows the existence of such a polynomial p},. For
the formula (5.12), we have

I<p§n71) = In(pznfl)
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Table 5.1 Product

] n  Nodes Error

Gaussian quadrature

method 2 8 —1.17E — 02
3 18 —4.00E — 04
4 32 —4.91E — 07
5 50 —3.84E — 09
6 72 —2.21E — 12

Also, note that for any g € C(S?),

[(9)] < Arllgllocs  [In(g)] < 4|9l
Then,
I(f) = In(f) = I(f = Pop—1) = In(f = P30 1),
11(f) = In(P) < [I(f = P3po)| + [ (f = D301)]
<8 f = pin—ill-
Therefore,

|I(f) _In(f)| < 87TE2n—1,oo(f)' (513)

We now apply the bounds for the minimax uniform error given in (4.49),
with the rate of convergence to zero depending on the smoothness of the
function f.

Example 5.5. Consider evaluating the integral
I :/ e’dS = 14.7680137457653. (5.14)
S2

The numerical results are given in Table 5.1, where the column Error gives
I — I,,. The convergence is very rapid. 0

5.2 Composite Methods

We define quadrature methods over S? that are the generalization of com-
posite piecewise single-variable numerical integration rules over an interval
[a, b]. Recall the schema for the single variable case.

¢ Subdivide the integration region [a, b] into smaller subintervals.
e Apply a simple rule to perform the integration on each such subinterval.

The trapezoidal rule (5.7) and Simpson’s rule are examples.
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For approximating the spherical integral I(f), begin by subdividing S?,

i=1
for elements A1, ..., Ay with non-overlapping interiors. Then write
N
1= [ smasta =Y [ rmasim. Gy
i=1 YA

Next apply a simple quadrature formula to each sub-integral. There are two
aspects to this, both important in obtaining an accurate and convenient
formula.

1. How to choose the mesh {Ai}ij\il?
2. How to choose the quadrature formula for the sub-integral?

There is a large literature on creating meshes for domains in the plane,
space, and surfaces. We restrict ourselves to schema that seem desirable
when doing numerical quadrature over the sphere. In our presentation in
this section, we restrict the elements to being spherical triangles. The choice
of how to create a triangular mesh is important, as we illustrate later with a
numerical example.

We begin with an initial triangulation of S?, say

76 - {Ao,lv" 'aAO.,NQ}-

We subdivide or refine it, obtaining ever finer meshes, resulting in a sequence
of triangulations,

Ny
Te={A¢1,...,A¢N,} s S? = UA“
i=1

for £ =0,1,.... For notation, we let Ny = |T;| denote the number of elements
in 7.

To refine a spherical triangle A, we connect the midpoints of each side of A
with a great circle path, thus producing four new spherical triangles. This is
illustrated in Fig. 5.1. With this method of refinement, the number of elements
in 7y is four times the number in 7y_1, or Ny = 4N,_1. A desirable feature
of this refinement method is that the angles in a newly-formed refinement
triangle will not vary a great deal from those in the original triangle.

For the initial triangulation, we begin with one of the regular polyhedrons
with triangular faces: the 4-sided tetrahedron, the 8-sided octahedron, and the
20-sided icosahedron. Inscribe one of these into S?, and then project outward
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Fig. 5.1 A spherical
triangle A and its
refinement by connecting
the midpoints of its sides

Fig. 5.2 Icosahedral
triangulation of sphere

from the polyhedron onto S2. Figure 5.2 shows the use of the icosahedron to
generate 7.
We write

Ny

I(H)=>_[ f(n)dS*@n)

j=178¢;

and we approximate each of the sub-integrals by a simple low-order method.

5.2.1 The Centroid Method

Consider the generic sub-integral

| fm s, (5.16)
A
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The simplest approximation is to replace f(n) by the constant function equal
to f (n(c)), with (¢) the centroid of A, and follow this by integrating exactly
the resulting sub-integral. Let A have vertices {v1,v2,v3}. The centroid is
defined by

() - V1T V2 H V3
|’U1 +1)2+1)3|.

Thus we have
[t s = 1(n) [ as*n) = £(n) axea(a).
A A
For such a spherical triangle A, “Girard’s Theorem” states that

area (A) =01+ 60+ 05— (5.17)

with 6; the angle of A at the vertex v; [117, p. 1196]. The “centroid rule” for
approximating I(f) is given by

N,

1)~ In(f) = Y (0l axea (A, ) (5.18)

j=1

with ng-c) the centroid of Ay ;.
Using an error analysis that we discuss later and assuming the refinement
process illustrated above in Fig. 5.1, with Ny = 4N,_4, it can be shown that

1) — I, (f) = O(Nig) , (5.19)

provided f is twice-continuously differentiable over S2. The error should
decrease by a factor of approximately 4 when comparing the use of 7, with
that of Ty_1.

Ezample 5.6. Consider the integral (5.14) used in Example 5.5. In Table 5.2,
we give the errors when using triangulations based on the tetrahedral, octa-
hedral, and icosahedral triangulations. We also give the ratios of successive
errors, to measure the rate at which the error is decreasing. With each
triangulation scheme, the error has an error ratio of approximately 4 for
larger values of Ny, and this is in agreement with (5.19). As stated earlier,
the type of triangulation can make a significant difference in the accuracy
of the approximation scheme. The icosahedral triangulation leads to a much
smaller error when compared to the other triangulations with a comparable
number of nodes. A partial explanation of this is given in Sect. 5.3.2. O
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Table 5.2 Centroid method errors for (5.14) for varying triangulations

Tetrahedral Octahedral Icosahedral

N Error Ratio N Error Ratio N Error Ratio
4 3.35E — 1 8 4.84E — 2 20 —9.55E — 5

16 5.81E—2 5.8 32 4.70E—4 103 80 6.71E—7 —142
64 211E—-2 2.7 128 4.27TE — 4 1.1 320 5.01E — 8 13.4
256 4.58E —3 4.6 512 1.00E — 4 4.3 1,280 1.01E -8 4.9

1,024 1.12E—-3 4.1 2,048 2.47E -5 4.1
4,096 2.7TE—-4 4.0

5.2.2 General Composite Methods

For a more general approach to approximating the generic sub-integral in
(5.16), we begin by using a change of variables to transform the integration
region A to the unit simplex o in the plane,

o={(s,t):0<s,t,s+t<1}. (5.20)

See Fig.5.3. Given a spherical triangle A with vertices {vg 1, vk 2, Vi3],
introduce

Pr(s,t) = v+t (Ve 2 — Vi) + 5 (V3 — Vi) (5.21)
= UVg,1 + tUg 2 + SV 3,
pk(S,t)
my(s,t) = T——=, (5.22)
Pk (s,1)]

with u =1 — s — t. The image of p,(s,t) as (s,t) varies over o is the planar
triangle joining the three vertices {vj 1, vk 2, Vg 3}. The image of my(s,t) is
the spherical triangle Ag. This defines a mapping

The integral of f over Ay becomes

F(n) dS2(n) = / F(mu(s, ) | Do x Dy do. (5.23)
Ap o

For notation,

O (s, 1)
0s

O (s, )

Dsmk(sat): ot )

Dimy(s,t) =
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Fig. 5.3 The unit t

simplex o. The symbol “*”
indicates the centroid of o 1

and |Dgmy, X Dymy| denotes the Euclidean norm of the cross-product of
Dsmy, and D;my. Use numerical integration approximations over o to
approximate integrals over Aj. Then combine these to approximate the
integral of f over S2.

There is a large literature on numerical approximations to integrals over o,

/ag(s,t) do.

We give a few such rules and their degree of precision.

R1. Degree of precision 2.

R2.

/g(s,t> do~L[g(0,) +9(1,0)+9(3,1)].  (5.24)

This is based on integrating the quadratic polynomial in (s,¢) that
interpolates g at the three corner points {(0,0),(0,1),(1,0)} and at
the midpoints of the three sides of o, namely {(O, %) , (%, 0) , (%, %) }
Degree of precision 2.

[ots0dr~ oG ) +o D +aG ] G2)

Rule R2 is based on integrating the linear polynomial that interpolates
g at the points {(%, %) , (%, %) , (%, %)} From its definition, it will
integrate exactly any linear polynomial in (s, t). It can then be checked
that it also integrates exactly any quadratic polynomial in (s, t).
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R3. Degree of precision 5.

/ o(s,8) do ~ Sg(1, 1) + Blg(a,a) + gl B) + g(8,0)
+Clg(v,7) +9(7,6) + g(6,7)] (5.26)
with

L_6-VIE o 9+2V15

B

21 21
6+ /15 9 — 215
V=T 5:T,
B:155—\/ﬁ 02155+\/ﬁ_
2400 2400

The formulas R1 and R2 are the two cases of formula T',:2-1 from Stroud
[111, p. 307], and R3 is formula 72:5-1 from [111, p. 314]. When used over all
of S%, as in (5.15), and with the method of refinement given above (as illus-
trated in Fig.5.1), the rules R1 and R2 have an effective degree of precision
of 3. An argument for this uses a certain symmetry in the mesh due to the
refinement being used here; see [10, Theorem 5.3.4]. For other quadrature
rules over o, see Stroud [111, p. 306] and Lyness and Jespersen [75].

Ezample 5.7. Consider again the numerical integration of the integral (5.14),
but now apply composite quadrature based on each of the rules R1-R3. In
light of the superior performance with the icosahedral triangulation seen in
Table 5.2, we use only it for illustrating the composite rules based on R1-R3.
The numerical results with varying N = N, are given in Table 5.3. The ratios
imply that the composite methods based on R1 and R2 have an empirical
convergence rate of O(N ’2), whereas the composite method based on R3
has an empirical rate of O(N ’3). We explain these rates of convergence in
the error analysis given below. O

5.2.3 Error Analysis

To analyze the error in a composite quadrature method, we begin with a
short discussion of Taylor’s theorem for functions of two variables.

Lemma 5.8. Assume g € C97 (o) for some integer ¢ > 0, with o the unit
simplex of (5.20). Choose a point of expansion (a,b) € . Then

gla+&b+n) =To(9) + Ralg),  (a+&b+n) €0, (5.27)
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9 o\ *
Z . < ”at> 9(s,1) , (5.28)
- (s,t)=(a,b)
1t o 9\
Rql(g) = a/o (l—T)q <§%+U&> g(s,t)dr (5.29)
1 < o o\
- (2L > g(s, 1) (5.30)
|
(g+1)! \"0s ot (8,6)=(at+0€,b-+67)

Following the differentiation in (5.29), let (s,t) = (a+ 7,b+ ™). In (5.30),
0 is some number satisfying 0 < 6 < 1.

Proof. As is standard in the derivation of this formula, introduce
F(r)=gla+7&b+71), 0<7<1.

Using the one-variable Taylor’s theorem with remainder,

F(1) = zq: ki FO©) 4 /01 (1—)? F ) (r) dr

]
k=0 EA
- i 1 F®(0) + 1 Flath) gy,
= k! (g+1)!
Note that
F(O) = g(a,b)7
F(1)=gla+&b+mn).

To relate this more directly to g(a + 7€, b+ 1), note that

o 9\"
) = (sgr + ) s

(s,;t)=(a+7&b+7n)

for k > 1, and thus 7,(g) is an expansion about (a,b) in terms of products of
powers of & and 7. Combining these results proves the lemma. 0

For (5.27) we commonly use (a,b) = (3, 3), the centroid of o, or (a,b) =
(0,0). Also, we obtain an expansion for g(s,t) by applying (5.27)—(5.29) with
(5777) = (S —a,t — b)

We now turn to an analysis of the error for quadrature rules over o, such as
R1-R3 given earlier. Let L denote a linear functional on C(c). For example,

the rule R2 can be written as
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L0) = 4ok ) + (kD) + 93] (531)

Consider the error functional

Assume that
E(g) =0 for any polynomial g with deg(g) < q.

For the above L in (5.31), ¢ = 2. Recall the Taylor expansion (5.27). Since &
is linear,

£(9) = E(T4(9)) + E(Rq(9))-

The term £(74(g)) = 0 since T(F') is a polynomial in (s,t) of degree < gq.
Thus

£(9) = [ Rulg)do — L(Ry(g)). (5:32)

The error in integrating g over o equals that of the error in integrating the
Taylor series error Rq(g).

Return to the remainder formula (5.29) with the derivatives of g evaluated
at (s,t) = (a+ 7€, b+ ™). To bound the error

£(0) = [ Rulo)do — LRy (o))

we must apply both the integral over o and the linear functional L to R4(g).
The important thing to note is that all terms will involve

091 g(s,t)

We now apply this to
F(n) dS2(n) = / F(mu(s, ) | Dommg x Dymy| do (5.33)
Ak o

and thus we must look at the derivatives of
g(s,t) = f(my(s,t)) |Dsmy, x Dimy|. (5.34)

To do this, we must examine the derivatives of my(s,t). Recall
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Pr(s,t) =vp1 +t (Vi —Vi1) + 5 (Vi3 — k1)

= uvp,1 + tUg 2 + SUg 3

with u =1— s —t. As (s,t) varies over o, the image p,, () gives the planar
triangle with vertices {vy 1, vk 2,k 3}, and

t
mk(s,t) — pk(sa )
i (s, 1)
has Ay as its image. To simplify the notation, consider

p(S,t):’Ul—i-t('UQ—’Ul)—i-S(’Ug—'Ul),

(s ) — P10
0= 0T

Also, let p, = Op/0s and p, = 9p/0t, and do similarly for my and m,.
Immediately,

(5.35)

Py =V3 — V1, Py=7V2— V.

We also need the partial derivatives with respect to s and ¢ of |p(s,t)]|.
First,

0 0
&<|p|2) =5, P P)=2p,p
Also,
& o\ o, 0
== (1p1*) = 2Ipl 5 (Ip)-

Thus,

(I )=

Ipl

Returning to the derivative of m(s,t) in (5.35),

P, p 0 P P PP
T p
ol pEos P T ol T ipE 1P

:&_m(m.&).
p| |p

There is an analogous formula for m;.

ms =
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From the definition of p,(c) as the planar triangle determined by the
vertices {v, 1, Vk,2, Vi 3}, it is easy to visualize that p,(s,t) is bounded away
from 0 for all of our polyhedral triangulations,

c<|pp(s,t)| <1, (s,it)eo

for some ¢ > 0. Consequently,

|p| p|
2
SE|’v3_'vl|7 (S,t)EO’,
using |[m| = 1. Analogously,
2
|me(s,t)| < - |lve — vq], (s,t) € 0.

This argument can be continued inductively to yield

‘(’“)q"’lm(s,t)

dsi Otk ’S%hq“, 0<jk<q+1l, j+k=qg+1

with h = max {|vs — v1|, |vs — v1|}. Note also that
4.9
|Dsm x Dym| < —h*. (5.36)
¢

Return to the integral

£(m)dS?(n) = / f(mi(s.1)) | Dy, x Dymy| do
Ay o

in which we apply the above with
g(s,t) = f(my(s,t)) | Dsmy x Dymy| .
We are using a sequence of triangulations
To={A¢1,....A¢nN, }-
Let

he = Inax diam (A).
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We assume a regularity in the triangulation 7; by means of
hiN, = O(1), (5.37)

where Ny = |T¢|. This is easily shown to be true for our polyhedral-based
triangulations.

As earlier, we assume f € C9"!(S?). By applying the earlier bounds, it is
straightforward to obtain

1 g(s,t)
0sI Otk

}gcqhq”, 0<jk<q+1, j+k=q+1. (5.38)

We apply this to the integral (5.33), with g defined in (5.34). Doing this leads
to an error of size O(h‘fr?’) for the single integral over Ay.

Theorem 5.9. Assume the triangulation scheme To, Tz, ... satisfies (5.37).
For a function f € C’(SQ) , let In,(f) denote the composite quadrature formula
obtained by applying the basic quadrature formula L to each integral

f(n)dS?(n) = / f(myg(s,t)) |Dsmy X Dimy| do, (5.39)
Ap o

where L has degree of precision q > 0 over o. Assume f € CIT1 (SQ). Then

1() = I, (1) = O (™). (5.40)

Proof. Use (5.38) for each of the N, sub-integrals (5.39), obtaining

1) = In,(f) = O(Neh?)

Applying (5.37) completes the proof. (]

The result (5.40) agrees with the empirical results shown in Table 5.3.
What is lacking in this discussion is a proof that the composite formulas
based on R1 and R2 have an effective degree of precision ¢ = 3 rather than
the degree of precision of ¢ = 2 that is true over just o. As noted earlier,
this requires an additional analysis, and we refer the reader to [10, Theorem
5.3.4]. Again, this is a consequence of the refinement process illustrated in
Fig.5.1. As an analogy, recall how quadratic interpolation is used to define the
3-point Simpson’s quadrature rule for functions of one variable. A fortuitous
cancellation occurs when the middle interpolation point is the midpoint of
the remaining two interpolation points, leading to a degree of precision of 3,
whereas the use of quadratic interpolation would lead one to expect a degree
of precision of only 2.
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For the centroid rule, the error functional over a single spherical triangle
A s

&) = [ fmas*m) ~ 1(n) [ as

= [ stmts.) = £(m(4 3))] 1Dsm Do o

For f a constant function, £(f) = 0, and thus the degree of precision g > 0;
and it can be shown to be exactly ¢ = 0. In analogy with the preceding
paragraph for the composite formulas based on R1 and R2, the centroid
method can be shown to have an effective degree of precision of ¢ = 1 when
used with the type of refinement illustrated in Fig.5.1. Again, use the type
of analysis given in [10, Theorem 5.3.4]; it is omitted here. With ¢ = 1, we
obtain the convergence asserted earlier in (5.19).

5.3 High Order Gauss-Type Methods

For one-variable integration, a Gaussian quadrature formula is based on
asking that the formula be exact for polynomials of as large a degree as
possible. Recall that with n nodes, it is possible to have a degree of precision
of 2n — 1. This approach generalizes to multivariable integration. Consider a
formula

N
I(f) = - f(n)dS*(m) = In(f) = D wi f(m)- (5.41)
k=1

The nodes {n,} and weights {wy} are to be so chosen that the formula is
exact for spherical polynomials of as large a degree as possible.

To simplify the development of such formulas, much such work has begun
with the following important theorem of S. Sobolev [109, Theorem 1].
It involves the notion of a group G of rotations on S%. If v € G, then

v:8? 1;1} S? is some rotation of the sphere. We also allow “inversions” of the
onto

sphere in which points n € S? are reversed through a given plane containing
the origin. If f € C(S?), then f, € C(S?) is defined by fy(n) = f(v(n)),
n € S%. We say f is “invariant under G” if f, = f for all y € G.

Theorem 5.10. Let G denote a finite rotation group on the sphere, possibly
including inversion. Consider a numerical quadrature scheme (5.41). Assume
the numerical scheme is invariant under the actions of the rotation group,

In(fy) =In(f) Vv€G. (5.42)
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This implies

{n,:i=1,...,N}={y(n;):i=1,...,N}

for all v € G. In addition, for each node m,;, i = 1,..., N, consider S; =
{v(n;) : v €G}. Then (5.42) implies that the weights {w;} associated with
the nodes in S; are to be equal. With such an invariant quadrature scheme,
in order that I(f) = IN(f) for each [ € Iy, it is necessary and sufficient
that I(f) = In(f) for each f € Iy that is invariant under the action of all
elements of G. We then say that In(f) has “degree of precision d”.

Proof. Because of the rotational symmetry of S, we have

10 = [ smasin) = [ podstm = 1), (549)

Define

|g| Zf’vv

veg

where |G| denotes the number of elements in G. Tt is straightforward to show
that f* is invariant under G (i.e. [y = f* for all v € G). Moreover, from
(5.43), I(f) = I(f*). Similarly, from (5.42), In(f) = In(f*). Combining,

I(f) = In(f) = I(f*) = In ().

Thus if we want I(f) = In(f) for all f € II;, we need only show that the
result is true for all f € Il that are invariant with respect to G. O

As earlier with the product Gauss formulae in (5.13), we can show

1I(f) — Inw(f)] < 87 Ea(f). (5.44)

And as before, the minimax error given in (4.49) can be applied to give
a bound on the rate of convergence of In(f) to I(f), depending on the
smoothness of the function f.

To obtain the nodes {n;} and weights {w;} is quite complicated. The
nodes and weights in the quadrature formula (5.41) must be chosen to be
invariant under the actions in G, and the polynomials that are invariant under
G must be identified. The error I(f) — In(f) must be zero for the invariant
polynomials f of as large a degree as possible, and this leads to solving
a system of nonlinear algebraic equations. The number of such algebraic
equations is given in [109, Theorem 2].
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To illustrate the use of Sobolev’s theorem, we consider a formula

12

In(f) =AY f(n{") +B 5 7 (ni) (5.45)
k=1 k=1

in which the nodes {n?)} are the vertices of an icosahedron inscribed

in S? and {n,(cf )} are the centroids of its faces. The two lowest-degree

spherical polynomials that are invariant under the icosahedral group G5, with
inversions are 1 and

522 + bytz? 4+ 20 +1022y22? — 5222 — 5yt + 2252 + 10zy?z — 2023922,

The formula (5.45) is applied to these two polynomials and is equated to the
true integrals. The resulting formula has the weights

51 B_ 97

A:E, —7—0

(5.46)
The next higher degree invariant polynomial is of degree 10 and the
quadrature (5.45)—(5.46) is not exact for this case. Consequently, the formula
(5.45)—(5.46) has degree of precision 9. This is formula U3:9-1 in Stroud [111,
p. 299].

Lebedev [73] applied Sobolev’s theorem using § = G§, the octahedral
rotation group with inversion. Elements of this group leave invariant the
octahedron in R3. A spherical polynomial is invariant under G} if and only
if it is a polynomial in 7y and 7o,

2,2 2,2 2,2
71 =2°Y" +x°2° +y° 2%,

o = 2?y?22.

In his paper, Lebedev gives a family of formulas

N(d)

IN(f) = wif(P) (5.47)

i=1

for various degrees of precision d < 29. The case d = 23 is given explicitly; it
uses 194 nodes, and the weights w; are positive. For details, see [73].

Finding such quadrature formulas In(f) for the icosahedral group with
inversion is discussed by Ahrens and Beylkin [3]. We give an example of their
use later in this section, for the integral (5.50). Other related approaches to
developing high order formulas are given in Keast and Diaz [67], McLaren [79],
and Stroud [111].
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Table 5.4 High degree of d

Nod E
precision quadrature o= -
5 12 1.72E — 04
9 32 3.40E — 09
14 72 1.24E — 14

Example 5.11. Consider again the numerical integration of the integral
(5.14), but now apply the integration formulas from Stroud [111, Sect. 8.6]
that have a high degree of precision. The first is Ug:5-1 and uses as nodes the
vertices of an inscribed icosahedron (degree of precision d = 5), the second
is U3:9-1 (d = 9), and the third one is Us:14-1 (d = 14). The results are
given in Table 5.4. Compare these results with those of the product Gauss
quadrature given earlier in Table 5.1. O

5.3.1 Efficiency of a High-Order Formula

For the N-point formula (5.41), there are 4N parameters to be determined,
namely the weights {w;} and the components of the nodes {n,}. The nodes
are subject to the constraints |n;| = 1,7 = 1,..., N. Thus there are essentially
3N parameters to be determined. If we wish to have In(f) = I(f) forall f €
IIz, then the number of constraints on the formula is equal to the dimension
of 11, namely (L + 1)2. As a measure of the efficiency of the quadrature
method (5.41), it was suggested in McLaren [79] that the ratio

(L+1)°

R
3N

(5.48)

be used.

In general we would expect this ratio to be bounded by 1, although there
are a few quadrature formulas for which E is slightly larger than 1. As an
illustration of the latter, r = 100/96 for (5.45)—(5.46). The methods described
in [3,73] generally have R =~ 1, especially for larger values of N and L.
In contrast, the product Gauss formula I,, of (5.12) has L = 2n — 1 and
N =2n?, and thus it has the efficiency

2
R 5 (5.49)

For a comparable degree of precision, the product Gauss formula (5.12)
uses approximately 50% more function evaluations than do the methods of
this section which have an efficiency ratio of approximately 1. However, the



5.3 High Order Gauss-Type Methods 189

Table 5.5 Comparison of product Gauss and Ahrens—Beylkin formulas

Product Gauss Ahrens—Beylkin

deg Nodes Error deg nodes Error Ratio
27 392 2.92E — 05 27 312 3.15E — 06 1.26
37 722 —2.96E — 08 36 492 1.02E — 08 1.47
41 882 —3.91E — 09 40 612 —4.51E — 10 1.44
45 1,058 3.00E — 10 45 732 2.55E — 10 1.45
49 1,250 —1.16E — 11 50 912 1.54E — 12 1.37
57 1,682 8.88E — 16 54 1,032 —8.88E — 16 1.63

product Gauss formula has the virtue that its nodes and weights are very
easy to construct.

Ezample 5.12. Consider approximating the integral
I= / sin®(m (m +n3 + n3)) dS?(n) = 4.373708291416826. (5.50)
S2

We compare the product Gauss formula (5.12) and the optimal formulas
of C. Ahrens and G. Beylkin [3, Icosahedral-based optimal-order nodes and
weights, private communication, 2010]. Table 5.5 contains numerical results
for increasing degrees of precision deg. Rows 1 through 5 are for comparable
degrees of precision. Row 6 is the lowest degree of precision in which full
double-precision accuracy was attained. The final column gives the ratio of
the number of nodes used with the product Gauss formula as compared to
the number of nodes used with the Ahrens—Beylkin formula. The results are
consistent with the results stated following (5.49). O

5.3.2 The Centroid Method

Recall the centroid method (5.18) and its numerical illustration for the
integral (5.14), with the numerical results given in Table 5.2. The numerical
results varied significantly with the triangulation, with the accuracy improv-
ing from the tetrahedral to the octahedral to the icosahedral triangulations.
We can now give an explanation of this. First, note that the centroid method
is invariant under the rotation group associated with its triangulation. As
a consequence, the centroid method has a degree of precision that can be
computed using Sobolev’s theorem by considering only those polynomials
that are invariant under the rotation group. The centroid rule is exact for
constant functions with any triangulation. With the tetrahedral, octahedral,
and icosahedral groups (with inversion), the next higher degree invariant
spherical polynomials have degrees 3, 4, and 6, respectively. The centroid
method with any of these regular polyhedral triangulations is not exact for
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the latter associated invariant polynomial. As a consequence, the centroid
method with the tetrahedral, octahedral, and icosahedral triangulations has
a degree of precision of 2, 3, and 5, respectively.

Denote the degree of precision by d, and let p}; denote the best uniform
approximation of the integrand f by spherical polynomials from II;. Then
the error in the centroid method when integrating f satisfies

I(f) = In(f) = I(f — pa) — In(f — P2),
|I(f) _In(f)| < SWEd,oo(f)'

Thus the error is actually based on the function f — p} rather than on f.
Because ||f — pjlloo decreases as d increases, it is likely that the centroid
error will be less as d increases. This is exactly what is seen in Table 5.2.

5.3.3 An Alternative Approach

Another approach to creating quadrature methods with a large degree
of precision is to begin by seeking a suitable polynomial interpolation
formula and to then integrate it. This is a topic that also has application
to extending empirical data and to other approximation problems on the
sphere. Integrating the resulting interpolation formula leads to a numerical
integration formula with a high degree of precision. For a desired degree of
precision d > 0, the dimension of Il is

N =(d+1)°.
Given a set of basis functions {1, ...,pn} for I, consider maximizing the
quantity
[ e1(m) - er(m) - en(m) ]
det | p1(m;) - we(n;) - en(ny) (5.51)
Lor(nn) o er(my) oo en(nn) |
as {ny,...,my} is allowed to vary over S?, and of course, such a maximum

value will be positive. Sets of such points {n,} for which this determinant
is nonzero are called “fundamental systems” for polynomial interpolation
over S2. With such a choice of points, we can define “Lagrange interpolation
basis functions”,
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e1(m) - eklm) o en(n)
801(77%1) Sﬁk(ng‘q) wN(njq)

det | wi(n) - wxm) - en(n)
‘Pl(ﬂjﬂ) Sﬁk(njﬂ) @N(ngﬂrl)

L <P1(7_7N) k(i) o on(ny)

e1(my) - we(ny) - pn(n)

det | wi(n;) -+ ¢r(n;) -+ on(ny)

Le1(ny) - er(mn) - en(my) |

191

(5.52)

for j = 1,...,N. These satisfy ¢;(n;) = 6, i,7 = 1,...,N. With the

optimality property for the nodes we have

6;(m)| <1, neS? j=1,...,N.

The polynomial
N
p(m) =>_ f(n;)4;(n)
j=1
belongs to II; and it interpolates f(m) at the points

For the integration formula, use

I(f) = La(f) =Y f(ny) wy,

j=1

w = [t as*m).
S2

{n1....
property (5.53) provides a type of stability for the interpolation.

(5.53)

(5.54)

aT’N} The

(5.55)

The maximizing of (5.51) and its subsequent use in defining interpolation and
quadrature formulas have been studied by Sloan and Womersley [107, 108].

They use the basis functions

wi(n) = Gn(n,my),
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Table 5.6 Comparison of Sloan—Womersley and Ahrens—Beylkin formulas

Degree of Sloan—Womersley Ahrens—Beylkin

precision Nodes Error Ay Nodes Error

27 784 —8.14E -6 30.78 312 3.15E — 06
36 1,369 —7.07E -9 49.03 492 1.02E — 08
40 1,681 6.60E — 10 48.91 612 —4.51E — 10
45 2,116 3.02E — 12 57.88 732 2.55E — 10
50 2,601 —2.66E — 13 69.47 912 1.54E — 12

where G, (€,m) is the reproducing kernel for II,,. These basis functions are
discussed below following (5.87). Formulas with high degrees of precision are
found for which all weights wy, are positive. The positivity of the weights is
important in guaranteeing stability in the quadrature formula as a function
of N, as is illustrated in (5.57)—(5.58) in the following section. Tables of nodes
and weights based on maximizing (5.51) are given in [119].

Ezample 5.13. We compare this method with the results given in Example
5.12 for the integral (5.50); see Table 5.6. For the same degree of precision,
the errors are comparable for the Sloan—Womersley and Ahrens—Beylkin
formulas. However, the former is less efficient because of the much larger
number of nodes needed. For the integration formula I; of (5.55), the
efficiency ratio of (5.48) is

_ @d+1)? 1

3(d+1)* 3

For an equivalent degree of precision, the cost in function evaluations is
three times that for the Ahrens-Beylkin formulas and it is two times the
cost of the product Gauss formula (5.12). However, the Sloan-Womersley
choice of points has good properties as regards interpolation on S?. Define
the interpolatory projection operator

N
Paf(m) =Y f(ny) tx(n
k=1

which maps C(S?) onto II4. Then the property (5.53) implies
2
A = [[Pillcs2y—m, < (d+1)°.
These are called the Lebesgue constants for the interpolation method. Their

actual values are listed in Table 5.6; they increase faster than d, much less
rapidly than (d + 1)°. O
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5.4 Integration of Scattered Data

An important source of quadrature problems on the sphere is the integration
of empirical data obtained from scattered nodes on the unit sphere. To handle
such problems and associated topics in the interpolation and approximation of
functions using scattered data, the area of “meshless discretization methods”
has been developed. This is a very large topic and we do not attempt to cover
it here; instead we give a simple and low-order approach to the numerical
integration of scattered data over the sphere. For introductions to the general
area of meshless discretization methods, see Buhmann [25], Fasshauer [45],
and Wendland [118]. For a survey of the approximation and interpolation of
meshless data over the unit sphere, including the use of radial basis function
methods, wavelets, and spline functions, see the review of Fasshauer and
Schumaker [46]; and for an introduction to quadrature of scattered data using
radial basis functions, see Sommariva and Womersley [110].

Assume we are given node points P = {n,,...,ny} and associated
approximate function values {f;:i=1,...,N}, fi = f(n,). We want to
approximate

I(f) = 5 f(n)ds*(n).

The data values f; will often contain experimental error. We give a simple
and straightforward method for estimating I(f).

Let Ty = {Al, .. .,AM(N)} denote a triangulation of S? in which the
vertices of the triangulation are exactly the nodes P. Then

Z n) dS?(n).

To approximate the integral over Ag, use

f(n) dS?(n) ~

Ay

[f (nk,l) + f("?k,z) =+ f(nk,g)} area (Ag)

Wl =

in which {7, 1,7;.2,M 3} denotes the vertices of Ag. Denote by In(f) the
resulting approximation of I(f),

Z (1) + F(r2) + F (i 5)] area (Ay) . (5.56)
k=1

C»DI)—!

For area (Ay), see (5.17).
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An error analysis can be given similar to that in Theorem 5.9 for the
methods (5.24)—(5.26). The method (5.56) has a degree of precision of 0, and
as a consequence,

[I(f) —INn(f)| < dmcgh
with

h = max diam(A).
A€TN
This assumes only that the function f is Lipschitz continuous over S? with a
Lipschitz constant cy.
Assume there is error in the function values {f(n,)}, say

o~

and let Iy (f) denote the numerical integral based on using the approximate
values {ﬁ} Then it is straightforward to show

~

‘IN(f) —In(f)| <4m max, lei] . (5.58)

How is the triangulation 7 to be chosen? A popular choice is the Delaunay
triangulation [21, Chap. 9], in part because it satisfies certain optimality
conditions when used for planar data. For a discussion of alternative
triangulations, see [46, p. 135].

Ezxample 5.1/. We generate a set of nodes that is somewhat uniformly
distributed over S2?, while still having some randomness. This is to reflect
the sometimes random choice of measurement points 7 in practice. For our
example, we begin with an icosahedral-based triangulation, and then we
generate one node point n; randomly within each face. For the construction
of the Delaunay triangulation, we use MATLAB codes from Burkardt [26];
also, Fortran codes are given in Renka [96]. A graph of a resulting Delaunay
triangulation is given in Fig.5.4 with N = 80. Using this triangulation, we
apply the quadrature formula (5.56) with N = 80 to the integral (5.14) used
in our earlier examples. The error is —2.01 x 1072, with a relative error of
—1.36 x 1073, O

A related problem is to determine a set of nodes {n,, ..., ny} at which the
experimental data is to be calculated. Often this is combined with a desire
to estimate I(f) using

1(f) ~ In(f) = &

=15

N
Zf(nk)-
k=1
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Fig. 5.4 Pseudo-random points on the sphere (left) and the Delaunay triangulation of
those points (right)

If the nodes are determined such that this formula has a degree of precision
d, then this formula is called a “spherical d-design”. For introductions and
extensive discussions of the spherical d-designs, see Bannai and Bannai [20]
and Cui and Freeden [34].

In general, it is believed to be more efficient when doing empirical
measurements if the points {n,...,my5} at which data is to be measured
are “equidistributed” over the sphere. There are many different ways of
defining this concept, and there is a large literature on determining such
equidistributed point sets. For example, one approach is to compute a set of
points {7n,...,ny} that maximizes the quantity

,min ;=g
thus maximizing the distance between the points n,,. See Saff and Kuijlaars
[100] and Hardin and Saff [59] for a discussion of this problem. For a recent
construction of spherical d-designs that have a good equidistribution of nodes
and are useful for polynomial interpolation over II,,, see An, Chen, Sloan, and
Womersley [4].

5.5 Integration of Singular Functions

Consider the numerical approximation of integrals with a point-singularity in
the integrand. Two examples from potential theory are the single-layer and
double-layer potentials,

_ Py . .
Sp(m) - /(99 |$_y| d (y)a € 897

Dp(x) = /m,o(y)i <;> do(y), = €09,

vy \|z —y|
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respectively. In these integrals, 02 is the boundary of a simply-connected
bounded region in R3. The integrands are singular at y = . The single-
layer potential Sp(x) has a singular behaviour of order |x — y|_1 for y ~ x;
and the same is true for the double-layer potential Dp(x) if I is a smooth
surface. (If 99 is not smooth, e.g. when it has edges and/or corners, then Dp
has a more complicated singular behaviour.) When 0 is a smooth surface,
a change of variables will convert such integrals to an integral over S? with a
singularity point on the sphere corresponding to x; for an example of such a
mapping, see Example 5.1.
We begin by first considering the case in which the integrand f in

I(f) = s f(n)dS*(n)

is well-behaved, defining a numerical method which we extend later to
singular integrands. Before applying a numerical method, we apply a
transformation

Using spherical coordinates, define
L :m = (cos¢sind,sin ¢sin b, cos )
. (cos¢ sin?6,sin ¢ sin? 6, cos 0)

7= = L(¢,0). (5.59)
cos2 0 + sin??0

In this transformation, ¢ > 1 is a “grading parameter”. The north and south
poles of U remain fixed, while the region around them is distorted by the

mapping.
The integral I(f) becomes

I(f) = . f(@) ds®(m)

= [ FL@) Ju 1) s @) (5.60)

with J7(7) the Jacobian of the mapping L,

- sin??"1 9 (g cos? 0 + sin? 6
Jr(n) = |DgL(¢,0) x DyL(6,0)| = ( 3 ) (5.61)
(sin2q 0 + cos? 9) 2

In spherical coordinates,

/’T sin?? 19 (q cos? 0 + sin? 9) 2
0

(sin2q 0 + cos? 0) H 0

I(f) = f(&mn,¢) dpdo,
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(cos ¢sin? 0, sin ¢ sin? 0, cos )
V/sin?? 6 + cos? 0 '

Forn > 1, let h = 7/n, and

(&n. Q) = (5.62)

0; =jh, 0<j<n;  ¢;=jh, 0<j<2n.

For a generic function g, introduce the bivariate trapezoidal approximation

™ 2m
/ / g(sin B, cos 8, sin ¢, cos ¢) dep df
o Jo

n 2n

~ h? Z” Z”g(sin O, cos O, sin ¢, cos ¢;)

k=0 j=0

in which the superscript notation ”” means to multiply the first and last terms
by % before summing. Apply this to (5.62). Note that the integrand is zero
for 6 = 0,7 and that the integrand has period 27 in ¢. Therefore

T 2
/ / g(sin 0, cos 6, sin ¢, cos ¢) d¢ df
o Jo

n—12n

~ hzng sin Oy, cos Oy, sin ¢, cos ¢;) = 1, (5.63)

k=1j5=1

sin??"1 9 (g cos® 0 + sin? 6
9= ( 5 )f(&n,CL
(sin2qt9—|—cos2 9)2

with (§,7,¢) as in (5.62).

To analyze the convergence of this method, we apply the following result;
see [9, p. 285] or most other numerical analysis textbooks for a discussion of
this theorem.

Theorem 5.15. (EULER-MACLAURIN FORMULA) Let m > 0, n > 1, and
define h = (b—a) /n, ©; = a+ jh for j = 0,1,...,n. Further assume v is
2m + 2 times differentiable on [a,b] with ™ +2) € L(a,b). Then

[ v dw—thxJ 232;_ W [ () — g (a)]

p2mt2 b r—a m
+ —(2m+2)!/a Bamy2 ( W >1/1(2 +2) () da.
(5.64)
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In this formula, {Bx} are the Bernoulli constants, By(z) is the Bernoulli
polynomial of degree k, and By (x) is the periodic extension of By (x) on [0, 1].
For definitions of { By} and {By (x)}, see [9, Sect. 5.4].

Theorem 5.16. Apply the trapezoidal rule
4 " " Y
1= 0)do~T,=h ih), h=—
| ) RTINS

to the integral

/ t(6) sin™ 6 do
0

with t(0) a sufficiently differentiable function and m > 0 an integer. More
precisely, assume t®) € L1(0,7) with

_Jm+2, meven,
P= m+1, m odd.

Then
I-T,=0("). (5.65)

The proof is an immediate corollary of the Euler-MacLaurin expansion
(5.64) The theorem generalizes to non-integer values p; see Sidi [104,
Appendix D], [105].

Theorem 5.17. In the integral (5.62), assume q¢ > 1 and 2q is a positive
integer. Introduce

| 2q, 2q even,
P= 241, 2¢odd.

Assume f is p-times differentiable with f®) € LY(S?). Then the error in
approzimating (5.62) by (5.63) satisfies

I—1,=0(hr). (5.66)

A proof of this is given in [11, Theorem 2.1], and extensions to non-integer
values of 2¢ are given in [105]. The values of ¢ with 2¢ an odd integer are
particularly good. In such cases, the rate of convergence improves to I — I, =
O(h*); see [16,105].



5.5 Integration of Singular Functions 199
5.5.1 Singular Integrands

We examine the application of the above schema to the integral

B r(y) -
I_/8 do(y), (5.67)

o ly — x|

where 2 is an open, bounded simply connected region in R?, its boundary 99
is a smooth surface, and & € 9f2. Other integral singularities can be treated
similarly. As earlier in (5.2)—(5.3), we apply a transformation of variables

M:s? 124 90,

onto

obtaining

_ [ pM@) Jmn) oo
1_/SQ S as ). (5.68)

Since the transformation L of (5.59) is based on smoothing the integrand at
the north pole (0,0, 1) and south pole (0,0, —1) of S?, the original coordinate
system of R? needs to be rotated to have one of the poles of S? in the rotated
system be the location of the singularity in the integrand.

Let M({) =z, ﬁ € S2. We introduce an orthogonal Householder transfor-
mation of R3,

n="Hn* n*eS? (5.69)

before we apply the final mapping L. Choose a Householder matrix H =
I —2ww?T, wTw = 1, such that

0 0
H| 0| =¢ orequivalently, HE= | 0 (5.70)
+1 +1

with the sign chosen later to minimize any loss of significance error. The
requirement (5.70) means that £ will be mapped to either the north or south
pole of S2, or conversely, a pole of S? is mapped to €.

Finding w is straightforward and inexpensive, requiring only a small
number of arithmetic operations; see [9, Sect. 9.3]. In evaluating (5.69), use

n="Hn"
=n"—w (2 an*)

=n" —cw, c=2w'ny*
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Computing 2wT™n* requires four multiplications and two additions; and
computing 1 requires a further three multiplications and three subtractions
(a total of 12 arithmetic operations for n* — n).

In the integral (5.68), the transformation n = Hn* yields

[ pM(Hn*)) Jm(Hn")
I‘/Sz [ — M)

ds*(n*)

since the absolute value of the determinant of the Jacobian of the mapping
is 1. Now use the mapping

*

n" =L@, nes’
as before in (5.61)—(5.62), yielding

- [ AMOLED) L)
@ P~ MHL@))|

() dS* (). (5.71)

Now apply the scheme of (5.63) to I, obtaining a numerical approximation
I, of I. For the convergence of I,, to I, we have the following.

Theorem 5.18. Let ¢ > 1 be an integer, and introduce

_Jaq q even,
u q+1, q odd.

In the integral (5.71), assume that p € CP(0N). Assume that the surface O
1s similarly differentiable, which is equivalent to assuming that the mapping
M is suitably differentiable. Let I, be the approzimation of (5.71) based on
the schema of (5.63). Then

I—-1,=0(h"). (5.72)

A proof is given in [11, Theorem 4.2]. It is also conjectured there that
I-1,=0(h7 (5.73)
holds for an arbitrary real ¢ > 1; there are possibly improved rates for
special choices of ¢, as with ¢ an odd integer in (5.72). These conjectures

are illustrated in the following example.

Ezxample 5.19. We give numerical results for

60»1(y1+2y2+3ys) ) )
I :/ T do(y). 5.74
a0 |z — y ( (
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Table 5.7 Numerical integrals for (5.74) with ¢ = 2.5 and ¢ = 3
q=25 q=3
n N I, — I;n Ratio EOC I, — I;n Ratio
2 2
24 1.99E + 1 2.21E + 01
8 112 —5.93E — 1 —33.65 —2.46E + 00 —8.96
16 480 1.58E — 1 —3.76 —7.66E — 02 32.2
32 1,984 2.56E — 2 6.16 2.62 —1.00E — 03 76.5
64 8,064 4.53E — 3 5.64 2.50 7.07E — 08 —14,168
128 32,512 8.01E — 4 5.66 2.50 3.22E — 10 219
256 130,560 1.42E — 4 5.66 2.50 5.04E — 12 63.9
512 523,264 2.50E — 5 5.66 2.50 5.68E — 14 88.8
1,024 2,095,104 4.43E — 6 5.66 2.50 0

We use the ellipsoidal surface 99 of (5.4) with the surface parameters
(a,b,¢) = (1,2,3). We choose the point « to correspond to the spherical
coordinates (6, ¢) = (m/4,7/4) under the mapping M of (5.5). In this case,
the true value of [ is given by

1 = 38.254918969803924.

In Table 5.7, we give numerical results for the choices ¢ = 2.5 and ¢ = 3. The
column N gives the number of node points on S? and the column EOC gives
the estimated order of convergence for the case ¢ = 2.5, as then the error has
a regular behaviour. The rate of convergence for the ¢ = 2.5 case agrees with
the conjecture in (5.73). The case ¢ = 3 is much better than predicted by
(5.72), since an order O(h4) would have the values of Ratio approaching 16
with increasing n. Clearly the convergence is much more rapid than O(h4).

d

5.6 Quadrature over the Unit Disk

Related to quadrature over the unit sphere S? is quadrature over the unit
disk D in the plane R?,

D= {(z,y) :2® +y* < 1}.

We begin with a connection between these two domains, and then we discuss
some numerical methods for quadrature over the unit disk.
Begin by looking at the upper hemisphere S?,_ as the image of the mapping

z=1/1—22—y2

(z,y) € D.
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Then the surface integral over this hemisphere,

f(m) dS*(n)

5%

can be transformed to
92\ 2 92\ 2
f(:v,y,\/l—x2—y2> 1+ =— | + (=) dxdy
D ox Jy

dx dy
= — 2 _ g2 —_—
/l)f(w,y,vl x y) T 2

Consequently, we can write

8 f(n)dS*(n) = /D [f(wy V1—a? — yz)

1 (e T2 )] % (5.75)

Integration over S? is equivalent to a weighted integration over the unit
disk D.

5.6.1 A Product Gauss Formula

For the integral

1(f) = /D f(e.y) de dy,

we develop a numerical method in a fashion analogous to that of the product
Gauss formula (5.12). Using polar coordinates, we write

I(f):/0%/01rf(rcos@,rsinﬁ)drd@. (5.76)

For the integration in #, we use the trapezoidal rule (5.7), as in (5.12). For
the integration in r, we apply Gauss—Legendre quadrature to the integrand
r f(rcosf,rsind).

Using Gauss—Legendre quadrature, we introduce the formula

2n n

L(f) =YY weref(ri cos 0, g sin ). (5.77)

=0 k=0
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The nodes 0; = jh, j=0,1,...,2n, h =27/(2n+1); and {wy} and {ry} are
the weights and nodes, respectively, for the (n 4+ 1)-point Gauss—Legendre
quadrature formula on [0, 1].

Theorem 5.20. If f(x,y) is a polynomial of degree < 2n, then I(f) =
I,(f). The quadrature formula (5.77) has degree of precision 2n.

Proof. Let f(z,y) = z“y”, with a, 8 non-negative integers and o + 3 < m.
Then

I(f) = (/O27T (cos0)” (sin&)ﬂ d6‘) (/01 pothtl dr) = JooB rotBHL

2n

I.(f) = hZ(cosHj) (sind;) <Zw ro‘JrﬁH) = JOPoThTL

J=0

1 n
Kéz/ rtdr, Kf;: E wkri.
0 k=0

If 8 is odd, the integrals J*# = J%# = 0, much as was done in the proof of

Theorem 5.4. If 3 is even, we can convert the integrand (cos #)® (sin6)” into
a polynomial of powers of cos§ with degree o + 3. Using Lemma 5.2, we can
then show

JoP = JoP a4 B < 2n.

The (n+ 1)-point Gauss-Legendre quadrature formula has a degree of
precision of 2n + 1, from which

Kg-i—ﬁ-i-l _ KOH-B-i-l, a+ B <2n.

This proves L,(f) = I(f) for all o, 3> 0,0 < a + 5 < 2n.

To show that (5.77) has degree of precision exactly 2n, consider the
polynomial f(z,y) = r(rcosf)”" . Then J2+10 = 0 and both J2n+1.0
and K272 are nonzero. O

5.7 Discrete Orthogonal Expansions

Recall the orthogonal expansions described in Chap. 4. In particular, recall
the Laplace expansion (4.55) on S? and the orthogonal polynomial expansion
(4.80) over the unit disk D. In both cases the coefficients in the expansion
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are inner products, and generally they must be evaluated numerically. In this
section we use product Gauss formulas to evaluate these integrals, obtaining
approximations to the orthogonal projections Q,, defined earlier in (4.56)
and (4.81).

5.7.1 Hyperinterpolation over S?

Recall the truncated Laplace expansion: for f € C(S?),

n 2m-+1
Qufm =3 3 (/. Y0i) Youilm),  meS?
m=0 k=1

with Q,, the associated orthogonal projection operator from L? (SQ) onto
IL,,; see (4.55). We introduce a “discrete inner product” using the product
Gaussian quadrature formula (5.12), but with n replaced with n + 1,

2n+1 n
Inv1(F)=h Z Zka(cos @ sin By, sin @, sin by, cos Oy, . (5.78)

j=0 k=0

The nodes {z¢ =cosfy} and weights {wy} are for the (n -+ 1)-point
Gauss—Legendre formula on [0,1]; and for the azimuthal angle stepsize,
h=m/(n+ 1). This formula has degree of precision 2n + 1.

Define

(fvg)n = n+1(fg)7 (579)

From the degree of precision of (5.78), this discrete inner product has the
important property that

(f,9), = (f.9)  V/fgellL(S. (5.80)

Using (5.79), define

Quf(m)=> > (f:Ymr), Ymr(m), neSs. (5.81)

Applying (5.80),

énf = f Vf € Hn(S2)7
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thus making Q,, a projection operator from C(S?) onto II,, (S?). The calcu-
lation of Q,, f using (5.81) is commonly referred to as “hyperinterpolation”.
The operator Q,, is also called a “discrete orthogonal projection operator”.

For analyzing the error in 9, f, we can follow exactly the derivation of
(4.61), leading to

1f = Guflloo < (1+1Qnllcc) Eno(f). (5.82)
Recalling (4.64), the orthogonal projection operator Q,, satisfies

[Qnllc—c = O(Vn).

Sloan and Womersley [106, Theorem 5.5.4] extended this as follows.

Theorem 5.21. For the hyperinterpolation operator of (5.81),

1Qnllc—c = O(Wn). (5.83)

The proof of this is quite complicated, and therefore, we prove only the weaker
result

1Qnllc—sc = O(n). (5.84)

Before giving the proof of this result, we introduce some additional framework
that is also useful in examining interpolation and other approximation theory
problems over S2.

Begin by recalling the reproducing kernel

2m—+1

n(&m) =Y Yo () Yimi(n),  &meS?
m=0 k=

—

see (2.34) in Chap. 2. This satisfies

(Gn(m),p) =p(n), meS? Vpell,, (5.85)

using the standard L2-inner product (-, -) over S?. This property implies that
G, is unique; and thus G, is independent of the particular basis of spherical
harmonics being used. This is true in general for reproducing kernels.
Recalling (2.30), the above formula for G,, can be simplified greatly, to

Gn(gan) = én(gn) ,
Gn(t) = PO (2); (5.86)
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also see [50, p. 1399]. This is the basis of formula (4.57) for Q,, f. To simplify
notation in the remainder of this section, let {Y7,..., Nz} denote the basis
{Yir:1<k<2m+1,0<m<n} forII,, N=(n+1)

Recall the discussion in Sect.5.3.3 of interpolation using spherical poly-
nomials. Let {nj cj=1,...,N=(n+ 1)2} be a fundamental system, for
example, one that maximizes the determinant function in (5.51), thus
guaranteeing that the interpolation matrix

_Y1(m) o Yi(my) oo Ya(m) |
U= | Yi(n,) - Yi(n,) - Yn(n)
LYi(ny) - Yi(ny) -+ Yn(ny) ]

is nonsingular. Introduce the functions

9i(6) =Gn(&my), j=1,...,N. (5.87)

These are another basis for IT,,. To see this, introduce the interpolation matrix

_91(771) ogre(my) e gN(’h)_
Kn=1gMm) - gm0 - gn(ny)
Loi(my) - gk(ny) - gn(nn)

whose elements are calculated easily from (5.86). Then

K, =¥y,
implying that K, is nonsingular. The matrix K, occurs when interpo-
lating data using linear combinations of {g1,...,gn}: given data values
{flu"'qu}u find

N
(Znf) (m) = _Zoéjgj(n)

such that

(Zof)(my)=fi, i=1,...,N.
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The coefficients {«;} are obtained by solving the linear system

Kolor,..oan])" =[f1, ..., fn]*

Returning to (5.81) for O, f, write it as

N
= (£.Y0), Ya(n), nes’ (5.88)
k=1

Write the quadrature formula (5.78) as

M
Lia(F) =) w;F(r)).

j=1

with M = 2 (n +1)*, and recall the definition (5.79) for (-,-), . If we expand
the formula (5.88) and re-arrange terms, we obtain

M

Quf(m) = wif(r;)v(m), (5.89)

=1
’}/j(n):Gn(naTj):én(n'Tj), ]:1,,M

Lemma 5.22.
~ M
[Qnllcmse = nmeas}gz;wj i ()] - (5.90)
J:
Proof. From (5.89),
_ M
|t )| < 1l Y w13 (m)
j=1
N M
[1Qnflloo < ||f||oo§,n€a§>§zwj 75 (m)
j=1

M
12nlloc < glefggzwj i ()] - (5.91)
j=1

To prove equality, choose a point 1, € S? for which the maximum in the sum
on the right side of (5.90) is attained. Then construct a continuous function

f for which
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~

f(T;) =signv,(ng), j=1,...,M.
and ||f||oo = 1. For this function, we have
R M
Quf(mo) = wj (o),
j=1
R M
19 flloo = max > w; [, (n)],
nes e
N M
nlloo = Max w; |V .
191 > mags > s s

When combined with (5.91), this completes the proof of (5.90). O

Proof of (5.84). Using (5.90), let m, be a point for which the maximum in
the sum on the right side of (5.90) is attained,

M M
1Qnllcme = wilvi(mo)l =Y w; [Ga(ng, 75)]
j=1 j=1

M
=2V (V5 [Gu(no, 7))

. :
wj [G(ng, 7))
1

M
< Z w;
j=1

Jj=
The last step uses the Cauchy—Schwarz inequality. Note that [Gy, (1,, 7)) is a

spherical polynomial of degree 2n. The integration formula (5.78) has degree
of precision 2n + 1, and therefore

M
>y (Golong, ) = [ Guling. ) dS?(r).
j=1
Apply the reproducing kernel property (5.85) with p = G,,(n,, -), obtaining

[ Gl ) 482 (r) = Gl

From (5.86),

Grn(m9,m0) = Gn(1) = POD(1).
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From Reimer [95],

(n+1)2_

PN =
™

Combining these results, we have

1Onllome < VaAm POV (1) <n+1,

thus proving (5.84). O

The proof of the much better result (5.83) is more complicated, requiring
a more careful analysis of the properties of the quadrature method; see [106,
pp. 102-114]. The paper [106] examines other quadrature schemes for the
discrete inner product (-,-) , although (5.79) seems the most widely used
quadrature method. B

Returning to the convergence analysis of Q,, f, use (5.82) to show that the
rate of uniform convergence of 9, f to f should be the same as that of Q, f
to f. As with the derivation of Corollary 4.14, we have the following result.

n’

Corollary 5.23. Assume that f € C(Sz) is Holder continuous with expo-
nent o € (,1]. Then

~ c
17 = Quflle € 5

for a suitable constant ¢ > 0. The discrete orthogonal projection énf 18
uniformly convergent to f in C(S?) as n — oo.

Computational cost. When compared with the Laplace expansion using spher-
ical harmonics, methods based on the numerical evaluation of Fourier series
have had the advantage of efficient evaluation by means of the fast Fourier
transform; e.g. see [60], [61, Chap. 13], and [92, Sect. 10.9.2]. Improving the
efficiency of evaluating the Laplace expansion while maintaining its accuracy
has been a long term goal of many researchers. In chronological order, we
note in particular the papers of Orszag [90], Swarztrauber [112,113], Driscoll
and Healy [42], and Swarztrauber and Spotz [114]. Recent research, however,
has led to methods of evaluating spherical polynomials and numerically
approximating the discrete orthogonal projection Q,, f that are competitive
with the fast Fourier transform; in particular, see Keiner and Potts [68],
Mohlenkamp [83], and Rokhlin and Tyger [98]. The number of arithmetic
operations to evaluate the coefficients in én f(n) appears at first hand to be
O(n*). An algorithm is given in [83] that reduces this to O(n?log®n); and
this is the same as the cost of evaluating a discrete double Fourier series using
trigonometric polynomials of degree n in each variable.
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5.7.2 Hyperinterpolation over the Unit Disk

Recall the truncated orthogonal polynomial expansion (4.80) over the unit
disk D:

m

:Z fv‘/)k )a zeD

m=0 k=0
with {¢}" : 0 < k <m, m > 0} a complete family of orthonormal polynomials

over D. Proceed as in Sect.5.6. We apply the product Gauss formula (5.77)
to define

(f,9), = In(f9). (5.92)

Define

=3 > (fei), oi(@), xeD. (5.93)

m=0 k=0

Using Theorem 5.20, we have
(f,9), = (f,9) V/[f,g€IL(S%).

This implies that Q,, is a projection from C(ID) onto II,(R2), and as before

Hf - éanoo < (1 + HénHC—)C) En,oo(f)- (5'94)
It is shown in [58] that

1Qnllc—c = O(nlogn).
This is only slightly worse than the result || Q,||cc = O(n) of (4.85). As in
(4.86), we have the following.

Corollary 5.24. Assume f € C"(D) with r > 1; and further assume that
the rth-derivatives satisfy a Holder condition with exponent o € (0,1]. Then
Onf converges uniformly to f on S?, and

~ lo
If = Onflle < S8 n22 (5.95)

for some constant ¢ > 0.



Chapter 6
Applications: Spectral Methods

This chapter begins with two illustrations of the application of the material
from the preceding chapters. The first, given in Sect.6.1, is to solve the
Dirichlet problem

—Au(z) =0, x €QCR3, (6.1)

u(z) = f(z), x € 09, (6.2)

with € an open simply-connected region having a smooth boundary. This
is converted to an integral equation over S? and then a Galerkin method is
used to solve it numerically, obtaining an approximation related to spherical

polynomials.
Our second illustration, given in Sect. 6.2, is to solve the Neumann problem

—Au(z) +y(z) u(z) = f(x), x € QCR?

ou(x)
Ovg

= g(x), x € 09,

with 2 an open simply-connected region having a smooth boundary. This
is converted to an equivalent elliptic problem over the unit disk D and it
is solved numerically with Galerkin’s method, obtaining an approximation
based on polynomials over R2.

In the final section of the chapter, we discuss a Galerkin method for the
following Beltrami-type equation

—Au+cou=f in S,

where ¢y > 0 and f are given. Here the dimension d > 3 is arbitrary.

K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit 211
Sphere: An Introduction, Lecture Notes in Mathematics 2044,
DOI 10.1007/978-3-642-25983-8_6, © Springer-Verlag Berlin Heidelberg 2012
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6.1 A Boundary Integral Equation

One method of solving (6.1)—(6.2) is to use the classical boundary integral
equation that arises from representing the solution u as a double layer
potential,

wa) = [ o) (ty ) dow). wco. (6.3

In this representation, p is an unknown “double-layer density function”. The
notation 0/dv, denotes the normal derivative in the direction of v,,, the outer
normal at y € 9€). For all integrable functions p, this function u is harmonic,
meaning it satisfies (6.1). By requiring it to also satisfy the Dirichlet boundary
condition (6.2), one obtains the boundary integral equation

o9 |z — y|

2npe)+ [ g (o) dow) = f@).  mcon (6a)

As notation, let

e = o, (=)

and introduce the integral operator L,

)= [ Lewgwioy)., weon
o0

for a generic function g. The integral equation (6.4) is represented abstractly
in operator notation as

(—2r+L)p=f.

There is a well-developed theory for this equation. In particular, the integral
operator £ is compact from C(9€) to C(99Q) and from L?(9€) to L?(99).
Let Y denote either of these spaces. Then it is well-known that

o+ LYY (6.5)

onto

and the inverse (—2m + E)fl is a bounded linear operator from ) onto ).
For a complete development of these ideas, see Kress [70, Chap. 6].

We convert (6.4) to another integral equation, but defined on S?. To
accomplish this, assume that a smooth mapping

M s? 18 o0 (6.6)

onto
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is known. Recalling the discussion in Sect.4.2.2 about the differentiation of
functions defined on S?, we assume that the components of the mapping M
are continuously differentiable. Using M, change the variable of integration
in (6.4). For a generic function G,

G(x,y)do(y) = | G(z, M(n))J(n)dS*(n)
o0 S2

with J(n) the Jacobian of the mapping. If
M(n) = M(cos ¢sinf,sin¢sinf, cosd) = M\(ﬁ, ?),
then

1

) = sin 6

OM oM
00 oo |
An example of such a mapping M for an ellipsoidal boundary is given in

Example 5.1.
Applying this to (6.4), obtain

—27 R(§) + /S2 R(n) L(M (&), M(n)) J(n) dS*(n) = F(£), €€S°, (6.7)

with R(&) = p(M(&)) and F(€) = f(M(€)). As additional notation, let

K(&m) = L(M(&), M(n)) J(n),

and let K denote the associated integral operator in (6.7). Let X denote
either C(S?) or L?(S?). Then from the properties of the double-layer
integral operator L, cited earlier, and from the properties of the boundary
mapping M, it is straightforward to show that I is a compact mapping from
X to X and

—oar4Kix S (6.8)

onto
The inverse (—2m + K) ' is a bounded linear operator on X to X. The kernel

function K (&,n) is singular when € = m, and this affects the implementation
of numerical methods for the solution of

(—27+K)R = F. (6.9)

We now describe such a numerical method.
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Recall from (4.55) the orthogonal projection Q,, : L%*(S?) — II,(S?).
To approximate (6.9), find R,, € L?(S?) such that

(=27 + QuK) Ry = O, F. (6.10)
Equivalently, find R,, € I1,(S?) such that
O l(-2r+K)R, — F] =0. (6.11)

This is Galerkin’s method, written in the form used with integral equations
of the second kind. For the analysis of the existence and convergence of R,,,
use (6.10), and for actually computing R,,, use (6.11).

To implement the method, begin by expressing the projection Q,, in the
form

Nnp
Q9= (9,%5) % (6.12)
Jj=1
with {¢1, ..., N} an orthonormal basis of I1,,(S?). For example, see the basis

(4.7). Represent the solution R,, of (6.11) as

N’Vl
Ra(m) =Y al"p;(m). (6.13)
j=1
(n) m]"
Then (6.10) is equivalent to solving for [al yee s Oy in the linear system
N
270l + 3 " (01, Kpj) = (Frgi),  i=1,...,Na.  (6.14)

j=1

The coefficient matrix [(¢;, K¢;)] is Ny, x Ny. All of the coefficients of this
linear system are twofold surface integrals over S?, and thus they are fourfold
single integrals. The size of the linear system is usually quite small for a partial
differential equation in R®, but the numerical integration of the coefficients
can be quite expensive if not done carefully.

Note that the numerical method (6.10)—(6.14) also makes sense within the
space C(S?), although Q,, is no longer an orthogonal projection. As earlier,
let X denote either L?(S?) or C(S?).

6.1.1 Convergence Theory

For a review of the analysis of Galerkin methods for the solution of integral
equations of the second kind, see [10, Chap. 3]. A crucial step is showing that
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IK—=QuK||xsx =0 asn— oo (6.15)

for the operator norm on X. In the case that X = L?(S?), this is relatively
straightforward. The projections {Q,,} are pointwise convergent on L?(S?),
ie. 9,9 — gasn — oo, for every g € L?(S?); see Theorem 2.34. In addition,
K is compact on L?(S?). The result (6.15) then follows from [10, Lemma
3.1.2].

For the case X = C(S?), showing (6.15) requires a closer examination of
the properties of K, which are derived from those of £ and of the surface
mapping M. Recall the discussion in Sect.4.2.2 about the differentiation of
functions defined on S?. We assume that the components of the mapping M
are differentiable, at least once, and further that the first-order derivatives
are Holder continuous with exponent A € (%, 1]. It then follows from the
argument in [8, p. 268] that

C
IK = QuKllcse < ey

for all sufficiently large n, for some constant ¢ > 0. This shows (6.15) for
X = CO(S?).
To show the invertibility of —27 + Q,, K, use the identity

=27+ QK= (-27r+K)— (K- 09,K)

= (-27r+K) [I —(-2r+K)TH (K- inC)} :

which makes use of the existence and boundedness of (—27 + IC)_l, which
follows from (6.8). From (6.15) it follows that

1
xXox 2

IN

H(—zw LK) (K- Q,JC)H

for all sufficiently large n, say n > ng. The geometric series theorem [13,
Theorem 2.3.1] then implies the existence and uniform boundedness of
(=27 + Q,K) ™" for n > ng, thus also showing the solvability of (6.10):

(—27 + Q. K) " = [1 C(—2r 4+ K) TN (C - QnIC)} (—2r +K)7',

TSR I (.l M
A H(—Q?T-‘FIC)_I (K - Q"’C)Hx_w
<2247 mzme (6.16)

X=X
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For convergence, use the identity
R—R, = =21 (=21 + Q,K) "' (R — Q.R). (6.17)
Then,
IR = Ralle <27 ||(20+ Q07| IR-QuRlly.  (618)

From (6.16) and (6.17), we have R,, — R if and only if 9, R — R.
When X' = L2(S?),

IR = Rull 2@y = O(IR = QuRlla)) (6.19)

The error R — Q, R was investigated in Sect.4.2.4, and Q,R — R for any
R € L?(S?). For rates of convergence as a function of the differentiability of
R, see (4.60). In particular, if R € C*<(S?) with k > 0, a € (0, 1], then

||R — RnHL2(§2) = O(ni(kJra)) . (620)

With X = C(S?), the sequence {||Qn|lc—c :n >0} is unbounded (see
(4.64)), and then the principle of uniform boundedness (see [13, Sect. 2.4.3])
implies that there is a function R € C(S?) for which Q,, R does not converge
uniformly to R. Using Corollary 4.14, we have convergence of Q,R to R
provided R € C**(S?) with k > 0, a € (0,1], and k + a > 1, namely

c
|R— QnR|s < Era—1/2 (6.21)

for a suitable ¢ > 0. When combined with (6.18), we have uniform convergence
of R, to R whenever R € C*(S?) with k + o > 3, and

IR — Ryl < o(n*<k+a*1/2>) . (6.22)

In addition to the convergence of R,, to R, it is necessary to also consider
the convergence of the resulting approximation of the double layer potential
(6.3). As notation, let p,(y) = Rn(n) for y = M(n), n € S%. For = € Q,
define

w@ = [ nwg () o) (6.23)

|z — yl

0 1
= [ ntorn) - (=) Jm)dsi ). (6.24)

y=M(n)
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This will need to be evaluated numerically, but we first consider the error
U — Uy. The function u — u,, is harmonic on €2, and consequently we can apply
the maximum principle (Corollary 3.19) for harmonic functions to obtain

maxfu(@) = un(@)| = max [u(@) - un()|. (6.25)

Subtracting (6.23) from (6.3),
0 1
) —up(x) = nY)=—|7—— | d , €
) =)= [ etz () dotw)

with e, = p — p,. Form the limit as & approaches a point on the boundary
09, as was done in obtaining (6.4). This yields

0 1
u(x) — up(x) = —2me,(x) + /89 en(y)a—yy (m) do(y), « € oN.
So
u—u, = (=214 L) ey

for u — u,, restricted to 9S). Forming bounds, the error u — u,, on Jf) satisfies

lu = tnlloe < @7+ 1ILllcoe) 1o = palloc- (6.26)

Error bounds for p,, from (6.22) then yield the same rates of convergence
for wy, to u over O If ||p — pnlloc — 0 on 0N, then (6.25) implies that the
convergence Uy, (x) to u(x) is uniform over €.

6.1.2 Quadrature

Referring to the approximating linear system (6.14), the matrix coefficients
(i, Ko;) and the right sides (F, ;) must be evaluated numerically in almost
all cases. There are two integrations to consider: (i) approximating the inner
product (-,-), and (i) evaluating the integral operator term Ky;. The inner
product can be dealt with exactly as described in Sect. 5.7.1. Define a discrete
inner product (-,-),, as in (5.80). Then replace (6.14) with

—2ra; n)—i—Za (i, Koj)n = (Fypi),,, i=1,...,Ny. (6.27)

The numerical solution is then
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Note that Kyp; is not being approximated at this point. This “semi-discrete
Galerkin method” is analyzed in [53, Sect. 3], and it is shown to have the same
convergence analysis and results as given in (6.15)—(6.26) when analyzed as
an approximation within C(S?).

The integrand in

Ko(©) = [ o) LOM©. M) Tn)ds* (), ¢ e

is singular at n = &€. This can be reduced to a bounded discontinuity by
means of the identity

- ()
— | ———— ) do(y) = —2m, T €
Sy ()

see [70, Example 6.16]. Then we can write
| ot L001(€). 316 S a2 )

— omg(e) + / la(m) — (&) L(M(€), M(n)) T (m) dS* ().

S2

If the function g is Lipschitz continuous on S?, then the new integrand has
a bounded discontinuity at 7 = £. However, this is still a difficult integral to
evaluate numerically, and a number of different approaches have been used.
We use something similar to the ideas in Sect. 5.5.

Assume we are approximating an integral

/ o(m) d5°(n)
SZ

in which the integrand g is singular at nn = £. Perform a spherical rotation
(see (5.69)) to change the integrand to one in which the singularity is located
at the north or south poles of S? (at (0,0, 1)), resulting in a new integral

[ 3¢ s
S2
Use spherical coordinates to write this as the iterated integral

/QW/ 1—2200s¢> V1 — 22sin ¢, )dzdd).

For the integration in ¢, use the standard trapezoidal method, as was done
with the singular integration method (5.63). For the integration in z, we use
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a method analogous to that of (5.63) to handle the singularity at one of the
poles. It is called the “IMT method”, is due to Iri, Moriguti, and Takasawa,
and is discussed in [9, pp. 306-307]. It is especially suitable for integrands
with endpoint singularities. Combining these rules, we have the quadrature
method

1(g) = Imy,m, (9) (6.28)
where Iy, .m,(g) equals

27TL1 mg—l

o
~ 2 2 .
m Z Z wk,m2g( \V 1 - Zkﬂnz cos (ijml’ \/ 1- Zk,mg s ¢j-,m172k,m2) .
1=

j=1 k=1

The nodes {zk,m,} and weights {wy m,} are those of the IMT method on
[—1,1]. For the trapezoidal rule, ¢; ., = jn/ma, j = 1,...,2m;. Note that
the periodicity of the integrand in ¢ has been used to simplify the trapezoidal
rule.

The evaluation of the coefficients (¢;, Kg;), ¢,5 = 1,..., N, using the
discrete inner product (-,-),, and the IMT method for approximating Kep;
is computationally expensive. The total number of arithmetic operations is
O(n?*myms). We evaluate the coefficients simultaneously, doing so as to avoid
unnecessary re-calculation of quantities shared between the various coeffi-
cients. It is also convenient to use parallel computation, greatly increasing the
speed. To lessen the cost when solving the Dirichlet problems with multiple
boundary functions f(x), evaluate these coefficients and save them for later
use with the various boundary functions.

An alternative approach. Graham and Sloan [53, Sect. 4] use an alternative
approach to approximating Ky; . Begin again by rotating the coordinate
system to place the singularity at a pole, n — Tn = (, and denote the new
kernel function by K (&, ¢) = K(&,mn). Then write the kernel function K as

Rl(éa C)

K(§,¢) = T-¢

where

K1(£,¢) = € — ¢ K(£,€).

The function K; has a bounded discontinuity at ¢ = T7&. Expand K (&,-) as
a truncated Laplace series,

Ny

B0~ (K€ ) e),0:(Q)

Jj=1
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with integration parameter ¢ and N; = (£+4 1)°. To complete the method,
use the identity (3.58) with dimension d = 3:

47

90]'(’7) 2

s [€ —m|

@i (),

where d; is the degree of the spherical harmonic ;.

It is shown in [53, Theorem 4.1] that if £ = an+ 1 for some a > 1, then the
overall rate of convergence of this discretization for implementing Galerkin’s
method is the same as that given in (6.22) for the original Galerkin method.

As another approach to a spectral method for boundary integral equations
on S?, see [51].

Evaluating the solution. Returning to the evaluation of the approximate
solution w,(x) in (6.23), use the product Gauss formula (5.12). Let n,
denote the integration parameter used in (5.12). For any fixed n,, the
integration error in evaluating u, (x) will increase as & approaches 92 because
the integrand becomes increasingly peaked. To check the accuracy of our
numerical method, we choose a rectangular grid covering the unit ball B3,
and then we map it onto another grid in 2 using

x — || M(x/|x|), z B>\ {0}, (6.29)

with the origin in B® mapping to the origin in . We note that our following
numerical example is for a region 2 that is “starlike” with respect to the
origin. In the following tables and graphs, we look at the error at only those
points & € B* for which |z| < r < 1, for some .

6.1.3 A Numerical FExample

As an interesting non-convex surface, consider the surface defined by the
mapping
M(z,y,2) = B(z,y,2) (az, by, cz),  (z.y,2) € S,

«
T,Y,2) =2 —
Blz.9,2) 145(—z422+1)

with constants a,b,¢ > 0 and a € (0,2). This is called a “bean-shaped
region”. We use the particular surface 02 obtained with (a,b,c¢) = (2,1,1)
and « = 1.5. Figure 6.1 shows the surface 02, and Fig. 6.2 shows the cross-
sections with the xz and yz coordinate planes.

To study empirically our Galerkin method for solving (6.1)—(6.2), we
choose two illustrative true solutions u, and we attempt to retrieve them
from their boundary values.
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Fig. 6.1 The bean-shaped
region 2

ol xzplane| |
— — —yzplane

-3 -2 -1 0 1 2 3

Fig. 6.2 Cross-sections of €2 with the xz and yz coordinate planes

1
|($7 Y, Z) - (57 45 3)| 7
u® (x,y, 2) = 7% cos(yy) + 7 sin(yx), (6.31)

u(z,y,2) = (6.30)

with v = 1. The solution u(!) is very well-behaved, whereas the solution (%)
contains greater variation in size and also some oscillatory behaviour.

We use the numerical quadrature described in Sect.6.1.2, using very
large integration parameters to ensure that our integrations are exact to
machine accuracy, which is much more accuracy than is needed ordinarily.
The resulting Galerkin coefficients are saved; and then they are retrieved for

use when solving for the coefficients {agn)} in (6.14); we do so with various

choices of the boundary function f. The accuracy of the solution p,, must
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Fig. 6.3 Maximum errors for solution u,(ll) (see (6.30)) at points & = M(x) € Q, = € B3,

|z| < 0.8
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Fig. 6.4 Errors for ugé) at points &€ = M(x) € Q, = € B3, |z| < 0.8

0.8

be checked indirectly. We evaluate u,, () using (6.23) and compare it to the
true solution u(x) at a variety of points within Q. The approximation u,(x)
must be evaluated numerically, as described preceding (6.29).
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Fig. 6.5 Maximum errors for solution u7(12) (see (6.31)) at points & = M(x) € Q, = € B3,

|| <0.8
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Fig. 6.6 Errors for ug? at points &€ = M(x) € Q, x € B3, x| < 0.8

To check the accuracy, we proceed as described preceding and following
(6.29). In the following graphs, we use r = 0.8. We choose a large value for
the integration parameter n, to ensure maximal accuracy in the evaluation
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of u,(x) from (6.23). Figures 6.3 and 6.4 show errors for the case of the true
solution u), see (6.30); and Figs.6.5 and 6.6 show errors for the case of
the true solution u(?), see (6.31). The horizontal axis in Figs.6.3 and 6.5 is
the degree n, varying from 5 to 16. An exponential rate of convergence as a
function of n would result in a straight line, and that is consistent with these
two graphs. The horizontal axis in Figs. 6.4 and 6.6 is = |«|. They show the
large variation in the error as @ varies, even for constant |x|.

6.2 A Spectral Method for a Partial Differential
Equation

There is a rich literature on spectral methods for solving partial differential
equations. For the more recent literature, see the books [22, 27,28, 41, 64,
102,103]. Their bibliographies contain references to many earlier papers on
spectral methods. Almost all of the spectral methods have been based on
one-variable approximations, considering all multi-variable problems as some
combination of one-variable problems. In the following we give a spectral
method that directly applies multivariable approximation, using the material
presented earlier in Sect. 4.3.
Consider the Neumann problem

—Au(s) +y(s)u(s) = f(s), s € QCRY (6.32)
agis) —g(s), sco0 (6.33)

with ©Q an open simply-connected region having a smooth boundary 0Of2
and v denoting the outer unit normal at s € 0. For simplicity in our

presentation, assume that the function ~ is positive and continuous on (2,
and thus

v(s) > ¢y, >0, s€qQ, (6.34)
for some c,. Further assume f € C(Q), g € C(9Q). We seek a solution
u€ C2Q)NCHQ).

This problem has the following variational reformulation: Find v € H'(Q)
for which

A(u,v) = £1(v) + lo(v) Yve H(Q). (6.35)

In this equation,

A(vy,v9) = /Q [Vui(s) - Vua(s) +v(s) vi(s) va(s)] ds, (6.36)
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for vy, v € HY(2), and
l(v) = /Qv(s)f(s) ds,

lH(v) = /69 v(8) g(s)do(s)

for v € H(Q). The reformulation is obtained by multiplying (6.32) by v(s),
integrating over (), and then applying the divergence theorem to integrate by
parts.

The theory for this variational formulation is very well-developed; see [13,
Chap. 8]. We give a very minimal outline of this theory, briefly reviewing
notation and results that are needed in discussing the numerical solution of
(6.35) by Galerkin’s method. First recall the Lax-Milgram Lemma.

Theorem 6.1. (LAX-MILGRAM LEMMA) Assume V is a Hilbert space,
a(-,-) is a bounded, V -elliptic bilinear form on V', £ € V'. Then the problem

uweV, alu,v)=~LU) YveV (6.37)
has a unique solution. Moreover, for some constant ¢ > 0 independent of ¢,
l[ullv < cllefv-.

The norm in H*(Q) is ||v]1 = v/(v,v);,
(v1,v2), = /Q [Vui(s) - Vug(s) +vi(s)va(s)]ds, wvi,ve € HY(Q).

The bilinear functional A is bounded,
[A(vr, 02)] < callollillvalli, v, 02 € HY(Q),
ca =max{l, [[7[}-
With the assumption (6.34), A is “strongly elliptic”,
|A (v, 0)| > min{1,c,} ]I}, ve HY(Q). (6.38)

The linear functionals ¢; and ¢ are bounded linear functionals on H*(2).
By the Cauchy—-Schwarz inequality,

[ ()] < 1 fllz2llvllze < [1F ) z2llvll- (6.39)
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Showing the boundedness of /5 is more complicated, requiring looking at the
trace on 9 of functions v € H'(£2). Begin by noting that the restriction
mapping p : H'(Q) — H'/2(0Q) is continuous [80, Theorem 3.37] and the
embedding ¢ : H'/2(0Q) — L?*(99) is compact [80, Theorem 3.27]. If we
further denote by [, the continuous mapping

lg:w— w(s) g(s)do(s), w € L*(09),
19}

then we see 5 = [, 010 p, and therefore ¢5 is bounded on H* ().
Under our assumptions on 4, including the strong ellipticity in (6.38),
Theorem 6.1 implies the existence of a unique solution u to (6.35) with

1
lulle < — (1]l + ll€21l) - (6.40)

In order to define a numerical method for solving (6.35), we introduce a
change of variables to transform the Neumann problem (6.32)—(6.33) on 2 to
an equivalent problem on the unit disk B2. Introduce a change of variables,

s= (@), |2<1

with ® a twice-differentiable mapping that is one-to-one from B” onto Q. Let
v=01.03B Finding such a mapping can be difficult, but there are

onto
also simple examples. For Q2 the ellipse given by

(3)+(5) =t
define
O(x) = (axy,bxa), |z| < 1.

This ® is easily seen to be a twice-differentiable mapping.

As notation to make it easier to see the relation between a function
defined on € and the corresponding function defined on B2, we introduce
the following. For v € L?(£2), let

i(x) = v(®(z)), zcB,

and conversely,

v(s) =v(¥(s)), seq.
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Assuming v € H(9), it follows that
Vat(z) = J(x)TVau(s), s=o(x)

with J(z) the Jacobian matrix for ® over the unit ball B2,
®;(x)]’ _
J(z) = (DO) (z) = {3—(””)] , xeB.
ij=1

Similarly,
Vu(s) = K(s)'Vao(x), x=W¥(s)

with K (s) the Jacobian matrix for ¥ over . Also,

The differentiability of a function v(x) depends on that of v(s) and the

mapping & (x).
Using the change of variables s = ®(x), the formula (6.36) converts to

A(vr,v2) = BQ{[K@(CL‘))TW%(w)]T[K(fb(w))TVm%(w)]
+7(@(x))v1(P(x))v2(P(x)} [det [J(x)]| dae
= Bz{[J(fv)’TVmﬂl(w)]T[J(w)’TVJz(w)]
+7(@)vi(x)vz(x)} |det [J ()] de
= IB52{V:«:ﬂl(fE)Tz‘l(ﬂc)V:ﬂz(a@) +(@)v1(z)v2(x)} |det [J (2)]] do
= A0, ) (6.41)
with
Ale) = J(@) "I (@) 7.

We can also introduce analogues to ¢; and {3 following a change of
variables, calling them ¢; and ¢, and defined on H'(B?). For example,

L(@) = /BQ o(@) f(®(2)) |[det [J (2)]] dz.
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We can then convert (6.35) to an equivalent problem over H!(B?). The
variational problem becomes the following: Find u € H!(B?) for which

A(u,0) = 0,(0) + 6(T) Vo€ H'(B?). (6.42)

The assumptions and results in (6.36)—(6.39) extend to this new problem on
H'(B?). The strong ellipticity condition (6.38) becomes

A@,7) z e |plff, ve H' (B,
min_ o |det J(z)|

Ce = Ce

2 b
max {1,maxmeB2 ||J( )”2}

where ||J(x)|, denotes the operator matrix 2-norm of J(z) for R?,

17 (@)l = v/max {A(z), Az ()}
with A1 (z), A2(x) the eigenvalues of J(x)TJ(x). Also,

A, @)| <zl ],
Ba= {ma>§ det [J(scm} max {mwg lA@)],. ||v|oo} |
xeB xEB

The Lax—Milgram Theorem can be applied to (6.42), just as was done earlier
for (6.35) to obtain (6.40). Thus we have the existence of a unique solution
u € H*(B?) with

[l < = (1l +11]). (6.43)

To obtain a numerical solution to (6.42), use Galerkin’s method with the
approximating subspace I1,, = II,,(B?). We want to find u, € II,, such that

A(n,7) = 0,(3) + lo(3) VT €10, (6.44)

The Lax—Milgram theorem implies the existence of a unique u, for all n.
For the error in this Galerkin method, apply Cea’s Lemma [13, Proposition
9.1.3],

. CA . -
1o = tnlly < = inf |[u— o] (6.45)

n

Since the set of all polynomials is dense in H'(B?), it follows that the Galerkin
method of (6.44) is convergent for all solutions u € H*'(B?).
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The best approximation error on the right side of this inequality can be

bounded by using Theorem 4.16. In particular, if u € Cm“(EQ), then it can
be shown that

SO c -
1@ = Unlly <~ wimnt1(@, 1/n) (6.46)
for some ¢ > 0, where

Wm+t1(,0) = max  sup |D%(x) — D%u(y)|.
lo=m=+1 |g_y|<s

6.2.1 Implementation

We seek
N
Un(@) =) arpr(@) (6.47)
k=1

with {¢1,...,on} a basis of II,,. Then (6.42) is equivalent to
2

N
Zak /B? Z ai,j(ic)a%k—x(jm)agg—x(i@ +”y(m)<pk(m)w(m) |det[J(m)]| dx

k=1 ij=1
= [ 1@ @) el (@) da
+/ 9(x) po(x) | Jpay(x)| dS* (x),  €=1,...,N. (6.48)
Sl

The function |Jyay(x)| arises from the transformation of an integral over 02

to one over S' = 9B?2, associated with the change from ¢ to ZQ as discussed
preceding (6.42). For example, 912 is often represented as a mapping

x(0) = (x1(0), x2(0)) , 0<6<2r.

In that case, |Jyqy ()| is simply |x’(6)| and the associated integral is

27
/0 a(x(0)) we(x(0)) X' (6)] do. (6.49)

The basis {¢1,...,on} is often taken to be orthonormal using the
standard inner product of L?(B?). The reason for doing so is the empir-
ical observation that the resulting linear system in (6.48) is then fairly
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well-conditioned. The setup of (6.48) requires calculating the orthonormal
polynomials and their first partial derivatives; and following, the integrals in
the linear system need to be evaluated, usually numerically. For the integrals
over B?, we use the product Gauss method (5.77). For the one-variable
integral in (6.49), we use the trapezoidal rule. In the following numerical
illustration, the ridge polynomials (4.77) are used for the basis functions.

6.2.2 A Numerical FExample

As an illustrative example, consider the mapping s = ®(x),

S1 =x1 — X9 —|—ax2,
' (6.50)
So = X1 + X2.

Figure 6.7 shows the images in Q of the circles r = j/10, j = 1,...,10 and
the azimuthal lines 6§ = j7/10, j = 1,...,20.

The following information is needed when implementing the transforma-
tion from —Awu 4+ yu = f on  to a new equation on B2:

-1 -0.5 0 0.5 1 1.5 2

Fig. 6.7 Images of (6.50), with a = 0.5, for lines of constant radius and constant azimuth
on the unit disk
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Fig. 6.8 The function u(s,t) of (6.52)

DO(x) = J(x1,x2) = (1+2a$1 _1> ,

1 1
det(J) =2 (14 ax1),

1 1 1
Jx) = ——— ,
(x) 2(1+ax) <—11+2aw1>

Alx) = J@) @) T = — 1 ( ! 4 ) .

C2(14az)? \ ez 26%23 + 2ax; + 1

The latter are the coefficients needed to define A in (6.41).
We give numerical results for solving the equation

—Au(s) + e 2u(s) = f(s), s €. (6.51)

As a test case, we choose
u(s) = et cos(msa), s (6.52)
The solution is pictured in Fig.6.8. To find f(s), we substitute this u
into (6.51). We use the domain parameter a = 0.5, with Q pictured in

Fig.6.7. The numerical integrals in the system (6.48) were evaluated using the
product Gauss method (5.77) with a sufficiently large integration parameter.
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Fig. 6.9 The errors ||u — unl| vs. the degree n

To calculate the error, we evaluate the numerical solution u, and the
analytical solution @ on the grid

(I)(CCZ'J', yi,j) = (I)(’I”l COS Gj,ri sin9j)

1 gm . ;
(Ti,ﬁj):<m,ﬁ), 1=0,1,...,10; j5=1,...,20.

The results are shown graphically in Fig.6.9. The use of a semi-log scale
demonstrates the exponential convergence of the method as the degree
increases. For simplicity, we have chosen to use the uniform norm ||u — u,||
rather than the Sobolev norm |lu —u,|, of H*(Q) that arises in the
theoretical error bounds of (6.45)—(6.46).

This spectral method is developed at length in the series of papers [12,14,
15], for both Dirichlet and Neumann boundary conditions.

6.3 A Galerkin Method for a Beltrami-Type
Equation

We take the following Beltrami-type equation

—A*u+cou=f inS?¥! (6.53)
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as an example to develop the Galerkin method using spherical harmonics to
solve differential equations posed over the unit sphere. It is possible to extend
the discussion of the Galerkin method for solving equations on a portion of
the sphere, but we limit ourselves to (6.53). For the given data, we assume
co>0and f € L?(S?1). Note that in this section, the dimension parameter
d > 3 is arbitrary.

Through a standard procedure, we arrive at the following weak formulation
of (6.53): Find v € H'(S?!) such that

(V*u, V*U)L2(Sd—l)d—l + Co (U, U)L2(Sd71) = (f, U)L2(Sd71) Vv S Hl (gd_l)
(6.54)

We apply the Lax—Milgram Lemma, Theorem 6.1, to show the solution
existence and uniqueness of the problem (6.54). For this purpose, it is
convenient to note that

(6.55)

1/2
lollrso 1y = [(V70, V70) pagaryas + (v,v)Lz(Sd,l)}

defines an equivalent norm over the Sobolev space H'(S?~!). Let us demon-
strate this equivalence. Expand the function v in terms of an orthonormal
basis {Y,,;:1<j < N,q} of Y‘i for each n € Ny:

o0 Nn,d

U(S) = Z Z Un,jyn,j(£)7 Un,j = (Uayn,j)LQ(Sd—l) , €€ gd-1. (6.56)

n=0 j=1
From Definition 3.23, the norm on the space H!(S?™!) is
1/2

oo Nn,a

SN (0480 ons?| (6.57)

n=0 j=1
Apply (3.19) to Y,, ;.
—Az‘d_l)YnJ— (&) =n(n+d—2)Y,;(&).

Multiply both sides by Y, x(€), integrate over S?~! and then perform an
integration by parts to obtain

VYo V Yo dST = nnbd=2) [ VY dST
§d—1 i
Therefore, we have the orthogonality of the gradient of the spherical harmonic

basis functions:

V*Y VY 5 dST = n(n+d — 2) Smdi. (6.58)

§d—1
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Take the gradient of the equality (6.56),

oo Nn,a

v 6) = Z Z 'Un,jv*yn,j(é)'

n=0 j=1
Then use the orthogonality relation (6.58) to find

oo Nn,a
V*ul?dsit = d—2) v, 6.59
[, v 33 nrrd-2pl ©65)

0 j=1
Thus, we have the following expression for the norm ||v|| g1 (ga-1) defined by
(6.55):

1/2
oo Nn.d /

ol sy =9 D > [n(n+d—2)+ 1o

n=0 j=1

From this expression, the equivalence of the two norms defined in (6.55) and
(6.57) is evident.
Take V = H*(S*"!) with the norm || - || 1 (ga-1) and

a(u,v) = (V*u, V*U)Lz(sdfl)dfl + ¢o (u, U)m(sdfl) )
b(v) = (f,v)p2(ga-1y -

It is then a routine matter to verify all the conditions stated in Theorem 6.1
are valid. Therefore, the problem (6.54) has a unique solution u € V.
Moreover, it can be shown that actually v € H?(S%!) and the equality
(6.53) holds a.e. in S?~1.

To develop a Galerkin method with spherical harmonic basis functions, let

Vv =span{Y, ;:1<j<N,q4 0<n< N}, NeN
and consider the problem of finding uy € Vi such that

(v*uN,v*U)LQ(Sdfl)dfl + co (UN, )LQ(Sd n = (f, )Lz §d—1) Vv e Vy.
(6.60)

Theorem 6.1 can be applied again to conclude that the Galerkin scheme (6.60)
admits a unique solution uy € V.

For convergence and error estimation of the Galerkin solution uy, we apply
the Cea’s Lemma [13, Proposition 9.1.3],

||u - UNHHI(Sd—l) <c inf {||u - ’UHHI(Sd—l) HEONS VN} (661)

for some constant ¢ > 0 independent of N and wu.
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To proceed further, we explore the solution smoothness for (6.53). For the

right side of the equation, assume
feH (S, s>0.

Write

[e’e] Nn,d

6) = Z Z fn,an,j(g)v fn,j = (f7 Yn,j)Lz(Sd—l) s 5 € Sd_l

n=0 j=1
and similarly for the solution w:

oo Nn,a

= Z Z Un,an,j(é)v Un,j = (uvyn,j)LQ(Sd—l) , &€ S

n=0 j=1

The assumption (6.62) implies

o Nog 1/2
£l ey = | D> (4 02)* | fn sl < 0.
n=0 j=1
Since
oo Nn,d
—A*u(€) = Z Z n(n+d—2)u, ;Y (&),
n=0 j=1
from (6.53) we get the equality
oo Nn.d oo Nn.a
STETEERRIIINTID 3 SF A
n=0 j=1 n=0 j=1

Therefore,

1
u"’j_n(n+d—2)+1

The condition (6.63) then implies

1/2
oo Nnd
Il = | 3237 (4 8% s <00

0 j=1

frg, 1<J<Npa,n=0,1,....

(6.62)

(6.63)
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and we have the solution regularity
we HP (SN, lull gesrgary < el fll et (6.64)

for some constant ¢ > 0 independent of f.

Thus, under the assumption (6.62), we have (6.64). Combining (6.61),
(6.64), and (3.105), we deduce the following error bound for the Galerkin
solution

C
lu —un|l g1 g1y < Nt Nl e sy, (6.65)

where the constant ¢ > 0 is independent of f and N. It can be shown that
the convergence order (s + 1) is optimal under the smoothness assumption
(6.62) on the right side f of (6.53).

For a further discussion of solving elliptic partial differential equations on
a sphere, see [72].
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